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Abstract:We introduce a class of (0,2) superconformal field theories based on hybrid geome-
tries, generalizing various known constructions. We develop techniques for the computation
of the complete massless spectrum when the theory can be interpreted as determining a per-
turbative heterotic string compactification. We provide evidence for surprising properties
regarding RG flows and IR accidental symmetries in (0,2) hybrid CFTs. We also study the
conditions for embedding a hybrid theory in a particular class of gauged linear sigma models.
This perspective suggests that our construction generates models which cannot be realized
or analyzed by previously known methods.
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1 Introduction
Despite the renewed interest that conformal field theories (CFTs) with (0,2) supersymmetry
have reclaimed in the last decade [1, 2], little is still known about the moduli space of de-
formations of such theories (the conformal manifold) in general. In the context of heterotic
string theory, this is the target space in which the massless scalars of the spacetime theory
take values. Moreover, much of the work concerning (0,2) theories has focused on defor-
mations of theories with (2,2) supersymmetry. While there are certainly notable challenges
even in this tamer setting [3–9], in many instances features of (2,2) theories are more or less
straightforwardly inherited by this larger space of deformations. Thus, it is of most interest
to pursue the study of (0,2) models which do not admit a (2,2) locus.
In the geometric setting of nonlinear sigma models (NLSMs), a (0,2) model is determined
by a (conformally invariant) Calabi–Yau target spaceM along with a polystable holomorphic
bundle E over it, subject to some conditions (for some recent work on these see [10, 11]).
Examples with a (2,2) locus are obtained when E is a deformation of TM . NLSMs are UV
free theories and for suitable choices of the geometric data are expected to flow to nontrivial
SCFTs in the IR. A first approximation to the moduli space of deformations of the SCFT is
given by deformations of the complex structure of M , deformations of its Ka¨hler structure,
and deformations of E (there are some caveats to this associated to Atiyah classes). The NLSM
in principle contains in the UV theory models that flow to the entire conformal manifold. In
general, however, worldsheet instantons are expected to lift some of these vacua [12], so that
the moduli space is a quantum corrected version of the classical space. In general we lack
the tools to compute these corrections. Since the large-radius limit in which these corrections
vanish is not a point in the moduli space, NLSM calculations are strictly valid only where
such instanton corrections are absent.
Landau-Ginzburg orbifold (LGO) theories are another class of UV free models expected
to flow to nontrivial SCFTs [13, 14]. For these theories we have computational techniques
[15–17] that produce exact results. These are valid for a locus in the moduli space (the LG
locus); deformations along this (realized as deformations of the LG potential) are described
exactly. Deformations away from this locus (generically of high codimension) are not well
described, restricting the kind of computations possible. Even in this rather manageable class
of models, the (0,2) story is not as simple as the (2,2) situation. In general, accidental Abelian
global symmetries of the IR theory mix with the R-symmetry, invalidating calculations based
on the UV symmetry [18, 19]. Some of these “accidents” in LG models can be explicitly
exhibited in terms of the UV theory [20], although in general accidental IR symmetries can
be difficult to see in the UV.
Gauged linear sigma models (GLSMs) [21] make explicit the possibility that the LGO
locus is a subspace of the NLSM moduli space, although disjoint from the large radius limit.
In the GLSM set-up, the large radius limit and the LGO arise as “phase limits”, limiting
values of the UV parameters in which a simplified description of the IR physics is applicable.
In the GLSM framework, worldsheet instanton effects take the form of gauge instanton effects,
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and in some cases [22, 23] one can show that they do not lift GLSM vacua. The space of
GLSMs flows to a subspace of the moduli space. LGO phases appear to be relatively rare.
More common, although far from generic, are hybrid phases in which the space of classical
vacua is compact and there are, in addition to the NLSM on this, massless fields interacting
via a superpotential.
The goal of this paper is to introduce a novel class of (0,2) models based on hybrid
geometries, extending the construction of (2,2) hybrid models in [24], and describe a technique
to compute the complete massless spectrum.1 Hybrid theories are a natural generalization of
both LG models and NLSMs, and while it is fair to say that a generic (0,2) SCFT will not
be described by a hybrid model, we are nonetheless enlarging the set of points where exact
computations can be carried out. Indeed, under favorable circumstances, a hybrid model,
while carrying non-trivial geometric structure, is simple enough that explicit computations
can be performed. We offer evidence that the problem of accidental symmetries is ameliorated
by hybrids in the sense that “accidental” LG models can produce well-behaved theories and
suggest that many of the models we construct do not, in fact, arise as GLSM phase limits.
Although our main interest lies in models suitable for heterotic compactifications, our
construction can be straightforwardly generalized to yield more general (0,2) SCFTs. In the
first part of this work we will take the more general approach, and we will point out which
conditions should be further imposed for string applications. In the second part of this note,
in which we tackle the computation of the massless spectrum and we apply our techniques to
solve explicit examples, we will restrict our attention to hybrid SCFTs suitable for heterotic
compactifications.
The rest of this note is organized as follows. We begin in section 2 by describing the
construction of our class of models. In section 3 we proceed by deriving the constraints
from anomaly cancellation and exploring the basic low-energy properties. We then turn in
section 4 to a generalization of the methods for computing the massless spectrum for heterotic
compactifications based on our models, and apply these techniques to nontrivial examples in
section 5. Here, we will provide evidence for using hybrids as a “cure” for resolving LG
accidents. In section 6 we present a criterion for a hybrid to arise as a phase in a GLSM
exhibiting a Calabi-Yau large radius limit and show that even for a toric base this is nontrivial.
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2 The model
In this section we will introduce the geometric ingredients suitable to build a (0,2) hybrid
model, we will construct the action for the corresponding NLSM and analyze its symmetries.
(0,2) superspace conventions
Throughout this work we work in Euclidean signature and (0,2) superspace with bosonic
coordinates (z, z) and fermionic coordinates (θ, θ). The supercharges are
Q = − ∂
∂θ
+ θ∂¯z , Q = − ∂
∂θ
+ θ∂¯z , (2.1)
where ∂¯z ≡ ∂/∂z, and satisfy the algebra
Q2 = Q2 = 0 , {Q,Q} = −2∂¯z . (2.2)
The supercovariant derivatives anticommute with (2.1) and are defined as
D = ∂
∂θ
+ θ∂¯z , D = ∂
∂θ
+ θ∂¯z , (2.3)
realizing the corresponding algebra
D2 = D2 = 0 , {D,D} = 2∂¯z . (2.4)
2.1 A peek at hybrids
The models we construct in this work provide a description of suitable limiting loci in the
moduli space of (0,2) SCFTs. Hybrid limits have been discussed in the context of (0,2)
GLSMs [29] or of (0,2) NLSMs with superpotential [30]. Our approach is closer in spirit to
the latter, so we begin with a quick review of this.
In general, to write a (0,2) NLSM with superpotential2 [30] one requires a D-dimensional
Ka¨hler target space Y 0 equipped with a Ka¨hler metric gαβ determined by the Ka¨hler potential
2The perspective of the construction of hybrid limits in [30] is however different from the one developed
in the present work. For instance, while the author in [30] do consider NSLMs on non-compact spaces with
cokernel bundles, the classical vacuum of the theory is not the base of the fibration.
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K(y, y), a rank-R holomorphic vector bundle E0 → Y 0 equipped with a Hermitian inner
product hAB , as well as a holomorphic section J ∈ Ω0(E∗0 ). The model is then constructed
using D bosonic chiral multiplets Y α and R fermionic chiral multiplets XA, with expansions
Y α = yα +
√
2θηα + θθ∂¯zy
α , Y
α
= yα −
√
2θηα − θθ∂¯zyα ,
XA = χA +
√
2θHA + θθ∂¯zχ
A , XA = χA +
√
2θH
A − θθ∂¯zχA . (2.5)
Here, yα, α = 1, . . . ,D, are coordinates on Y 0, η
α are right-moving fermions on the worldsheet
that transform as sections of the tangent bundle TY 0 , χ
A, A = 1, . . . , R, are left-moving
fermions on the worldsheet which transform as sections of the bundle E0 and HA are non-
propagating auxiliary fields.
In terms of these we can write the classical Lagrange density as a sum of a kinetic term
Lkin and a superpotential term LW where
Lkin =
∫
d2θ
1
2
(Kα∂zY
α −Kα∂zY α) +HABXAX
B
,
LW = m
∫
dθXAJA + h.c. , (2.6)
with Kα ≡ ∂αK, and m is a coupling with dimensions of mass.
With J = 0, or at energies well above m, this is just a NLSM with target space Y 0 and
left-moving fermions coupled to E0. If c1(TY 0) = c1(E0) = 0 and ch2(TY 0) = ch2(E0), this
will determine a superconformally invariant theory to all orders in perturbation theory. We
typically consider this SCFT as describing the IR dynamics of the theory. The details of
the various metrics introduced are associated to irrelevant deformations of this; the space of
SCFTs will be locally parameterized by the complex structure of Y 0, the Ka¨hler class of g,
and the deformations of E0 as a holomorphic bundle. Non-perturbative effects (worldsheet
instantons) can modify this moduli space, and will be discussed below. The NLSM is weakly
coupled when the Ka¨hler class is deep within the Ka¨hler cone of Y 0. An important role
in understanding the low-energy dynamics is played by the chiral U(1)L × U(1)R symmetry
under which χ, resp. ψ are charged. The topological conditions mentioned ensure that these
are nonanomalous. Strictly speaking these results are well known when Y 0 is compact; this
will not be the case in our examples but we expect no subtleties to arise due to this.
Given values of the parameters, however, we can consider the SCFT they determine as a
UV fixed point and study the low-energy dynamics obtained when we add a superpotential,
which is a relevant coupling. In general, this breaks the U(1)L × U(1)R symmetry. If Y 0
admits a holomorphic Killing vector V and End(E0) a global holomorphic section Q such that
Qχ · J = χ · LV J , (2.7)
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we have an unbroken U(1)L ×U(1)R under which
δχ = −iǫLQχ− iǫR(Q+ 1)χ , δy = iǫLV (y) + iǫRV (y) . (2.8)
For sufficiently generic J , there will be a unique such V . Since the action differs by a non-
chiral correction from the na¨ıve symmetry, this is nonanomalous under the same topological
conditions mentioned above.
The superpotential is a relevant deformation and at low energies the UV theory will flow,
under suitable conditions, to a family of low-energy SCFTs parameterized in addition by the
section J . The superpotential interaction induces a potential for y given by
U(y) = m2|J(y)|2 , (2.9)
so low-energy dynamics will be determined by the structure of Y 0 and E0 in the vicinity of
B = J−1(0). Our interest will be in models in which a generic J vanishes on a compact B.
This is the potential condition. In this limit, we expand the Ka¨hler potential K to quadratic
order about B as
K = K̂(x, x) + φ†hφ+ · · · , (2.10)
where K̂ is a Ka¨hler potential for a metric on B, with local coordinates x, and h is a hermitian
metric on the normal bundle NB, with local coordinates φ. This corresponds to approximat-
ing Y 0 as the total space of Y = NB → B, and the bundle E0 as a bundle E → Y . In the
large-radius limit one might think of the theory as described fiberwise over B by a LG model,
adiabatically varying over the base. In order for this description to be useful, it is important
that the isometry V be vertical fixing the base pointwise. Models satisfying this criterion are
called good hybrids.
The models obtained by this method will inherit the property that c1(E) = c1(TY ) = 0.
However, it is possible that the resulting structure contains spectator fields as in [30, 31].
Consider a model in which we have a chiral field S taking values in a line bundle over Y and
a Fermi field Ξ taking values in the dual line bundle. These admit a superpotential coupling
WS = mSSΞ . (2.11)
These fields introduce no massless modes, and at energies well below mS can be integrated
out. The quotient bundle E ′ obtained by dropping ξ and restricting to Y ′ = {s = 0} will then
be described as above, but we will in general find after reduction to low energy the weaker
condition c1(E ′) + c1(TY ′) = 0.
In this work we will take a bottom-up approach. We will construct a hybrid model
determined by the quadruple (Y , E , V, J), where Y is the total space of a vector bundle over
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a compact Ka¨hler base B, and E is a holomorphic vector bundle over Y
E −→ Y , Y = tot
(
X
π−→ B
)
. (2.12)
We denote
d = dimCB , n = dimCX , R = rank E . (2.13)
V determines a vertical U(1)-action on Y , and a lift of this action to E . The last piece of data
is given by the (0,2) superpotential J ∈ Γ(E∗). We assume that this satisfies the potential
condition of [24], i.e., J−1(0) = B.
In the remainder of this section we will construct a (0,2) theory from these ingredients,
and argue that under suitable conditions the IR dynamics will be determined by a (0,2)
superconformal theory which is our real interest. The V action will endow our theory with a
global U(1)L symmetry which will be essential in controlling IR physics [31].
Before delving into the details of the construction two remarks are in order. In contrast to
the situation in (2,2) models, in (0,2) theories the relation between UV and IR physics exhibits
various subtleties. In particular, a unique U(1)L×U(1)R symmetry in the UV (which we will
assume) does not exclude mixing with accidental symmetries in the IR, rendering predictions
based on the UV symmetry incorrect. As demonstrated in the simple setting of LG models
in [20], even the central charge of the IR symmetry is in general not manifest in the UV.
Presumably analogous phenomena occur in more elaborate models such as those considered
here, and we do not know how to resolve the question definitively. We will provide some
evidence here that the hybrid construction in fact resolves some of the problems found there,
in the sense that some LG models suffering from “accidents” can be used to construct hybrid
models that do not exhibit the expected pathologies. Furthermore, computations of physically
interesting quantities3 like the ones presented here yield a good deal of information about the
model, and can provide evidence in favor of, or against, a putative model.
A second remark concerns the extent to which our construction produces a well-defined
theory. To write a (0,2) NLSM on Y we require a Ka¨hler metric on Y such that V acts as
a vertical isometry. As noted in [24], for sufficiently “negative” bundles (see section 2.2) we
can use h to construct such a metric. In general, when this is not the case, we can imagine
a space Y 0 with an immersion B → Y 0 such that TY 0 |B = TB ⊕ X and equipped with a
Ka¨hler metric reducing near B to the form (2.10). The formulation we provide will give an
effective description of the dynamics for energies E ≪ m, and will be valid deep enough in
the Ka¨hler cone that the nonlinear sigma model is weakly coupled at the scale E.
2.2 The target space
The construction begins with a (0,2) NLSM on the target space Y = tot
(
X
π−→ B
)
. Co-
ordinates on Y will be denoted yα and following the bundle structure we split these into
3A study of the topological ring in B- and B/2-twisted hybrid models will be presented in [32].
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coordinates on the base and the fiber as yα = (yµ, φ), with µ = 1, . . . , d and φ ∈ Γ(X).
We equip Y with a Ka¨hler metric induced by a Ka¨hler potential K. The low-energy
physics of a well-behaved hybrid will be described by small fluctuations of the fiber fields
around the base, so we expand K to quadratic order in φ as
K = K̂(yµ, yµ) + φ†hφ+ · · · , (2.14)
where K̂ is a Ka¨hler potential for a metric on B and h is a hermitian metric on X.
As usual the detailed form of the metric will be irrelevant to the IR physics, but the
Ka¨hler class will appear as a parameter in the low-energy physics in the models we discuss.
Because Y retracts to B this is determined by a class in h2(B). Our NLSM will be weakly
coupled, and the IR physics simply connected to the UV data, when this takes values deep
into the Ka¨hler cone of B.
The V action on Y is generated by a holomorphic Killing vector field of the metric. As
shown in [24], this is determined by a covariantly constant section A ∈ Γ(X ⊗X∗) such that
hA† = −Ah. The bundleX then has an orthogonal decomposition X = ⊕iXi into eigenspaces
of A with eigenvalue −iqi. Reasonable models will emerge for 0 < qi < 1. We will assume
here that Xi can be taken to be line bundles. This is not an essential restriction but it will
simplify notation and provide sufficiently varied examples. We can then represent the field
φ =
∑
i φ
i where φi ∈ Γ(Xi); we will refer to qi as the charge of φi. Our considerations apply
with no real modification to the case in which X = X̂/Γ is an orbi-bundle given by a discrete
group quotient.
2.3 The left-moving bundle
As mentioned above, the choice of a holomorphic vector bundle E over Y is part of the defining
data of our construction. Our construction will work if E respects the bundle structure of Y
and admits a suitable lift of the V action. We will in the following describe a particular class
of such bundles, for which we have a relatively straightforward method to explicitly compute
the complete massless spectrum following [24, 33]. The calculations are in fact simplest for
bundles over Y that pull back from bundles over B, but this excludes, for example, (2, 2)
models; the class of models we consider is large enough to contain these while still amenable
to our computational method.
We start our construction with an auxiliary collection of irreducible holomorphic bundles
FΓ → B, Γ = 1, . . . R+m, for some m ≥ 0. As in the case of the bundle X above, we choose
to restrict ourselves to the case where FΓ are line bundles to simplify notation. Again, this
restriction is not essential. In terms of these, we define E by the SES
0 // O⊕mY E // ⊕Γπ∗(FΓ) F // E // 0 , (2.15)
where π is the projection map defined in (2.12).
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The existence of a lift of the V action to E is imposed on this structure by assigning
charge QΓ to the summand FΓ and charge −1 to the first term, and requiring that the maps
are all equivariant, ensuring that the cokernel in fact carries a V action. We order Γ so that
Q1 ≤ Q2 ≤ · · · . Reasonable IR theories will emerge for −1 ≤ QΓ < 0. The map E is then
represented by a collection of sections EΓ ∈ Γ(π∗FΓ) of charge
V (EΓ) = (QΓ + 1)E
Γ . (2.16)
We assume that for sufficiently generic maps this defines a smooth bundle (or an orbi-bundle).
In particular, since qi > 0, QΓ = −1 implies that EΓ is constant along fibers of X, while for
QΓ > −1, EΓ is quasi-homogeneous of positive degree on the fibers and vanishes on the base.
Let −1 = QP < QP+1 determining 0 ≤ P ≤ R+m.
If we consider the restriction of (2.15) to the base
0 // O⊕mB
E|B // ⊕ΓFΓ F |B // E|B // 0 , (2.17)
the vanishing of the last R+m−P maps shows that the bundle splits as E|B = ⊕R+mΓ˜=P+1FΓ˜⊕
EB , where EB → B is defined by
0 // O⊕mB
EB // ⊕P
Γ̂=1
F
Γ̂
FB // EB // 0 . (2.18)
The map EB (FB) is obtained from the restriction map E|B (F |B) simply by ignoring the last
R+m−P rows (columns). In other words, (2.18) is the projection to B of the restriction of
(2.15) to degree −1 under the V -action. Of course, in (2,2) theories EB = TB . From (2.15)
and (2.18) it then follows that the bundle E can be equivalently defined by the following SES
0 // ⊕R+m
Γ˜=P+1
π∗FΓ˜ // E // π∗EB // 0 . (2.19)
A proof of the above statement can be found in appendix A.
In other words, given a collection of FΓ and maps EB , the bundles E we can obtain are
classified by extensions of π∗EB by ⊕R+mP+1 π∗FΓ˜. For our purposes, we can take (2.19) to be
our definition of the bundle for our models, and keep the discussion above as motivation for
this particular form. It is worth noting that a nonsingular bundle E might still give rise to a
singular model by failing to satisfy the potential condition. In some cases we can obtain both
smooth and singular models depending on the extension we choose.
We can make this dependence on the fiber coordinates explicit. We can write the map
EΓ˜ as
EΓ˜ =
∑
r∈∆
Γ˜
MrS
r
Γ˜
, Mr =
∏
i
(φi)ri , (2.20)
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where
∆Γ˜ =
{
r ∈ Z⊕n≥0
∣∣∣∑
i
qiri = QΓ˜ + 1
}
(2.21)
indicates the monomials of suitable charge for inclusion in EΓ˜ and Sr
Γ˜
is a section of Lr
Γ˜
=
FΓ˜ ⊗i (X∗i )⊗ri .
Now, let Ua,b be two patches of B, Ua ∩ Ub 6= ∅, parametrized by local coordinates yµa,b.
Let gΓ˜ab(y) be the transition function for the bundle FΓ˜ and Tab(y) the transition matrix for
the bundle EB. Then, a section λ of E transforms as λb(yαb ) = λa(yαa )Gab(yαa ), where
Gab(ya) =

Tab C
1 C2 · · ·
0 gP+1ab 0 · · ·
0 0 gP+2ab · · ·
...
...
...
. . .
 , (2.22)
and
C Γ˜ =
∑
r∈∆
Γ˜
Mr(φa)f
Γ˜
ab,r(y
µ
a ) , (2.23)
where the collection of functions f Γ˜ab,r(y
µ
a ) is given by the restriction of a section of E∗B ⊗LrΓ˜.
To illustrate this construction and its connection to (2.15), we provide an example in
appendix A.
Field content
The field content of the theory consists of a set of d+n (0,2) bosonic chiral multiplets Y α and
R (0,2) fermionic chiral multiplets XA together with their conjugate anti-chiral multiplets
Y α = yα +
√
2θηα + θθ∂¯zy
α , Y
α
= yα −
√
2θηα − θθ∂¯zyα ,
XA = χA +
√
2θHA + θθ∂¯zχ
A , XA = χA +
√
2θH
A − θθ∂¯zχA . (2.24)
Here, yα, α = 1, . . . , n + d, are coordinates on Y , ηα are right-moving fermions on the
worldsheet that transform as sections of the tangent bundle TY , χ
A, A = 1, . . . , R, are left-
moving fermions on the worldsheet which transform as sections of the bundle E and HA are
non-propagating auxiliary fields.
Given the bundle structure for Y in (2.12), it is often convenient to split the coordinates
as yα = (yµ, φi), µ = 1, . . . , d, i = 1, . . . , n, which represents the splitting into base versus
fiber coordinates. Following the construction of the bundle E in the previous section, it is
natural to introduce a similar splitting for the left-moving fermions χA. We introduce two
sets of indices A = (M, I), where M = 1, . . . , RB , and I = RB + 1, . . . , RB + N , where for
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convenience we have relabeled RB = P −m and N = R − RB . The field X I takes values in
π∗FI+m. Locally we can take XM to be a section of π∗EB . The distinction between the two
sets of Fermi fields is not valid globally when (2.19) is a nontrivial extension. In particular,
when E is a deformation of TY this represents the fiber/base splitting.
2.4 The action
Let us denote by K the Ka¨hler potential for a Ka¨hler metric on Y and by HAB a Hermitian
metric on E → Y . We approximate K for small φ as in (2.14) and neglect the terms of higher
powers in φ, φ resulting in K sesquilinear in φ.
The action in (0,2) superspace for our models consists of D-terms for the kinetic part and
F-terms specifying the (0,2) superpotential. Requiring our action to possess a global U(1)L
symmetry, and Y to be Ka¨hler with a torsion-free connection4 forces the kinetic term to be
of the form [34]
Lkin = 1
2
(Kα∂zY
α −Kα∂zY α) +HABXAX
B
, (2.25)
where Kα ≡ ∂αK. The (0,2) superpotential will be assumed of the form W = XAJA with
J ∈ Γ(E∗).
It is easy to derive the equations of motion in superspace. Up to boundary terms we
obtain
D
[
HABX
B
]
=
√
2JA , D
[
Kαβ∂Y
β
+HAB,αX
BXA
]
=
√
2XAJA,α . (2.26)
These equations suggest the field redefinitions
XA ≡ HABX
B
, Pα ≡ Kαβ∂Y
β
+ ΓCAαXCXA , (2.27)
where we introduced the connection ΓCAα ≡ HAB,αHBC on E → Y . The corresponding
curvature is given by FIαβJ ≡ ΓKIβ,αHKJ . The component action then reads
1
2
L = ρα∂¯yα +KαβηαDKηβ + χADHχA −FAαβBηαηβχBχA
− χAηαDαJA + χAηαDαJA +HABJBJA , (2.28)
where we implemented the field redefinitions (2.27) on the lowest components of the corre-
sponding superfields
χA ≡ HABχB , ρα ≡ Kαβ∂yβ + ΓBAαχBχA . (2.29)
4More general kinetic terms are compatible with (0, 2) supersymmetry; we will not investigate this here.
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In writing the action (2.28) we have made use of the covariant derivatives 5
DKηβ = ∂ηβ +Ωβαγ∂y
αηγ , DHχA = ∂χA + ΓABα∂y
αχB , DαJA = ∂αJA + Γ
B
AαJB ,
(2.30)
where Ωδαβ ≡ Kαγ,βKγδ is the Ka¨hler connection on Y .
Symmetries
The action we described in the previous section is invariant under (0,2) supersymmetry, im-
plemented by the operatorsQ andQ.6 In later sections we will study in detail the cohomology
of Q, thus it is convenient to introduce its action on the component fields. This is given by
Q · yα = −ηα , Q · ηα = −∂¯yα , Q · χA = JA , Q · ρα = χAJAα , (2.31)
where JAα ≡ ∂/∂yαJA.
As we mentioned above, chiral symmetries play a fundamental role in our construction.
In addition to the right-moving U(1)R R-symmetry, under which the multiplets (2.24) are
invariant and θ has charge 1, the action (2.28) at J = 0 exhibits a global U(1)L symmetry,
under which XA have charge −1 and everything else is invariant. The inclusion of the super-
potential generically breaks this symmetry, but our construction of E in section 2.3 ensures
this is preserved since the superpotential J ∈ Γ(E∗) satisfies the quasi-homogeneity condition
−QAJA =
∑
α
qαy
α∂αJA , (2.32)
for some 0 ≤ qα < 1 and −1 ≤ QA < 0.7 The hybrid action is then invariant under a
U(1)L ×U(1)R symmetry under which the superfields have charges
Y µ Φi XA θ
q 0 qi QA 0
q 0 qi QA + 1 1
(2.33)
where we denote by q and q the charges under U(1)L and U(1)R, respectively. Note that in
(2.33) we assumed that the base coordinates yµ have qµ = 0 (V acts vertically). A parallel
discussion concerns the fermionic fields. Following our former distinction we have QM = −1
and QI > −1, where, with some abuse of notation, we denote QI = QΓ˜=I+m. Again, the
distinction is valid locally over a patch in B but the form of the transition functions ensures
that the charge assignments hold in any patch.
5The superscripts on DK and DH stand for “Ka¨hler” and “Hermitian” respectively.
6We use the notation ǫQ · • ≡ [ǫQ, •], where ǫ is an anti-commuting parameter and Q is the operator
corresponding to the supercharge Q, and similarly for Q.
7The upper bounds for the charges are determined by the potential condition and unitarity constraints.
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3 Anomalies and IR physics
In this section we are going to derive the constraints for anomaly cancellation that our models
need to satisfy in order for their IR behavior to be reliably described in terms of the UV data.
Our action enjoys a U(1)L ×U(1)R action, and we are interested in models for which U(1)R
is the current algebra in the right-moving superconformal algebra of the low-energy SCFT
while U(1)L is a left-moving conserved current.
The NLSM on Y from which we began our discussion is well-defined provided the sigma
model anomaly condition
ch2(E) = ch2(TY ) (3.1)
holds. It is possible to relate ch2(TY ) to ch2(TB) and the Chern classes c1(Xi) as follows
ch2(TY ) = ch2(TB) +
1
2
∑
i
c1(Xi)
2 . (3.2)
Similarly, we can express ch2(E) in two equivalent ways according to our definitions (2.15)
and (2.19) as
ch2(E) = ch2(EB) + 1
2
∑
Γ˜
c1(FΓ˜)2 =
1
2
∑
Γ̂
c1(FΓ̂)2 +
1
2
∑
Γ˜
c1(FΓ˜)2 . (3.3)
Of course, the above equalities are statements about pullbacks of classes in H4(B,Z), which
means that (3.1) is trivially satisfied for d ≤ 1. While this fact is obvious for d = 0, i.e.,
LG theories, it is somewhat more surprising for d = 1 models. In the case where the hybrid
describes a (0,2) NLSM with target space a CY manifold, (3.1) reduces to the usual anomaly
cancellation condition.
If the superconformal theory is to determine a heterotic string vacuum, (3.1) is the
condition that four-dimensional gauge and gravitational anomalies can be cancelled by the
Green-Schwarz mechanism.
3.1 Worldsheet instantons in hybrid models
In fact, the U(1)L × U(1)R symmetry of the classical action is generically broken in the
presence of worldsheet instantons. This will remain a symmetry of the quantum theory if the
path-integral measure is invariant in the background of an instanton. As usual, the charge of
this is determined by the charges of the fermionic zero modes in the presence of the instanton.
Thus, we start with a description of worldsheet instantons in hybrid models.
In a (0,2) NLSM with target space Y worldsheet instantons correspond to topologically
nontrivial maps of the worldsheet Σ = P1 into Y . For a simply connected space these are
classified by H2(Y ,Z). Understanding the spaces of such maps for a CY target space is
in general highly nontrivial. In LG models, the low-energy theory localizes to a point, and
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there are no worldsheet instantons. In hybrid models, worldsheet instantons are associated
with nontrivial holomorphic maps of the worldsheet to B. Since the space of such maps
can be rather simple, these models provide an opportunity to study the effects of worldsheet
instantons in detail.
In the background of an instanton, the Fermi fields will take values in bundlesK
1
2
Σ⊗y∗(TY )
and K
1
2
Σ⊗y∗(E) for right-movers and left-movers, respectively, where KΣ is the anti-canonical
bundle of the worldsheet Σ = P1. Because the instanton background satisfies y(Σ) ⊂ B we
have
y∗(TY ) = y
∗(TB)(0,−1) ⊕i y∗(Xi)(qi,qi−1) ,
y∗(E) = y∗(EB)(−1,0) ⊕R+mΓ˜=P+1 y
∗(FΓ˜)(QΓ˜,QΓ˜+1) , (3.4)
where the subscripts indicate the charges under U(1)L ×U(1)R.
Left-moving zero modes will correspond to holomorphic sections of K
1
2
Σ ⊗ y∗(E) with the
charges indicated, and of the conjugate bundle with the charges reversed, while right-moving
zero modes to antiholomorphic sections of K
1
2
Σ ⊗ y∗(TY ) and of the conjugate.
3.2 U(1)L ×U(1)R anomaly
At this point we posses all the tools to derive the constraints from anomaly cancellation.
For a left-moving fermion χ taking values in K
1
2
Σ ⊗ Z(q,q) where Z → P1 is a holomorphic
bundle, the net charge carried by the measure is given by −c1(Z)(q, q).8 For right-moving
fermions we can use a hermitian metric on the fibers to replace a holomorphic bundle with
an antiholomorphic one [35], and find that for a right-moving fermion coupled to K
1
2
Σ⊗Z(q,q)
the net charge carried by the measure is c1(Z)(q, q).
Under U(1)L the measure in the background of an instanton will be neutral if∑
i
qic1 (y
∗(Xi)) + c1 (y
∗(EB))−
∑
Γ˜
QΓ˜c1
(
y∗(FΓ˜)
)
= 0 . (3.5)
This must hold for arbitrary holomorphic y : Σ → B, which by the Lefschetz theorem for
(1, 1) forms implies ∑
i
qic1(Xi) + c1(EB)−
∑
Γ˜
QΓ˜c1(FΓ˜) = 0 . (3.6)
The condition for U(1)R similarly implies∑
i
(qi − 1)c1(Xi)− c1(TB)−
∑
Γ˜
(QΓ˜ + 1)c1(FΓ˜) = 0 . (3.7)
8This can be seen for example by using the splitting principle to decompose Z → P1 as a sum of line bundles
and applying Riemann-Roch to find the difference between the number of zero modes of χ and its conjugate
field, since these are holomorphic sections of the appropriate bundles.
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Subtracting (3.6) from (3.7) we get
c1(EB) +
∑
Γ˜
c1(FΓ˜) +
∑
i
c1(Xi) + c1(TB) = c1(E) + c1(TY ) = 0 . (3.8)
This last equation implies that E → Y is Calabi-Yau, but as noted above, Y need not be.
However, it is comforting to note that for the case of a pure (0,2) NLSM this yields the
standard condition. Indeed, in this case Y = B, while X and the superpotential are trivial.
In particular, QA = −1 for all left-moving fermions. It then follows from (3.6) that c1(E) = 0,
which together with (3.8) yields c1(TY ) = 0, as expected.
We can interpret the above constraints as follows: (3.8) is a pure geometric condition
on the admissible fibration structures; (3.7) instead involves a non-trivial interplay between
geometry and the charges (2.33), regulating the compatibility between the fiber LG theory
and the underlying geometry.
The last condition corresponds to the mixed U(1)L −U(1)R anomaly, which must vanish
if these are to descend to chiral currents in the IR. This reads∑
A
Q2A −
∑
i
q2i = −
∑
A
QA −
∑
i
qi . (3.9)
This is a pure fiber condition and it corresponds to the anomaly condition of the fiber LG
theory[13, 15]. In pure LG theories this condition serves merely to fix the normalization of
the charges [20] but note that in hybrid models (3.7) is not invariant under rescaling q,Q.
3.3 Left-moving algebras in cohomology and IR physics
In this section we show the existence of representatives for a left-moving Virasoro and a U(1)L
current algebras in the Q-cohomology of the UV theory [36]. The operators
JL = QAXAXA − qαY αPα ,
T0 = −gαβ∂Y α∂Y
β − XADHXA = −∂Y αPα − XA∂XA (3.10)
have weights (1,0) and (2,0) respectively. By using the equations of motion (2.26) and the
chirality of the fields it is easy to show that DT0 = 0, while DJL = 0 holds only when
the superpotential satisfies the quasi-homogeneity condition (2.32). In particular, with our
assumptions, D∂JL = 0 holds as well, and it is natural to define
T ≡ T0 − 1
2
∂JL . (3.11)
This particular linear combination is fixed by requiring that the U(1)L current in the IR
determined by JL is non-anomalous, as in (0,2) LG theories [14]. Let us evaluate the lowest
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components9 of the operators we just defined. We have
JL ≡ JL|θ=0 = QAχAχA − qαyαρα ,
T ≡ T |θ=0 = −∂yαρα − χA∂χA −
1
2
∂
[
QAχ
AχA − qαyαρα
]
. (3.12)
When the theory possesses (2,2) superconformal symmetry, the generators above are sup-
plemented by two additional left-moving operators (supercurrents), completing (3.12) to a
left-moving N = 2 algebra.
Having constructed the left-moving algebras above in Q-cohomology, we can use this
structure to probe the most basic low-energy properties of our models. Using the free fields
OPEs
yα(z)ρβ(w) ∼ 1
z − wδ
α
β , χ
A(z)χB(w) ∼
1
z − wδ
A
B , (3.13)
which follow from the action (2.28) we derive the algebra
T (z)T (w) ∼ d+ n−R− 3 (
∑
i qi +
∑
AQA) +
3
2
(∑
i q
2
i −
∑
AQ
2
A
)
(z − w)4 +
2T (w)
(z − w)2 +
∂wT (w)
z − w ,
T (z)JL(w) ∼ JL(w)
(z − w)2 +
∂wJL(w)
z − w ,
JL(z)JL(w) ∼
∑
AQ
2
A −
∑
i q
2
i
(z − w)2 . (3.14)
This is precisely the structure expected from a Kac-Moody (KM) u(1) current of level
r =
∑
A
Q2A −
∑
i
q2i , (3.15)
and an energy-momentum tensor with central charge
c = 2d+ 3r + 2(n−R) , (3.16)
where we have used (3.9). We can perform some simple consistency checks to make sure that
we recover the expected results when our hybrid reduces to familiar constructions. First of
all, for a (2,2) theory we have n = N , RB = d and Qi = qi − 1 so that
c(2,2) = 3d+ 3
∑
i
(1− 2qi) . (3.17)
9Since D and Q are conjugate operators, the lowest components of these operators are Q-closed.
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Also, if d = RB = 0, we obtain the known formula for a (0,2) LG theory
cLG = 3rLG + 2(n −N) , rLG = −
∑
I
QI −
∑
i
qi . (3.18)
Now we can conclude the analysis by deriving the right-moving central charge of the IR CFT.
To do this we use the fact that the gravitational anomaly is invariant under RG. In the UV
it is simply
cUV − cUV = n+ d−R , (3.19)
which determines in the IR
c = 3d+ 3r + 3(n−R) . (3.20)
Finally, in order for our hybrid model to be suitable for heterotic compactifications, we must
have the conditions c = 2D + r, c = 3D, which imply
D = d+ r + n−R . (3.21)
4 Massless spectrum
In this section we are going to describe the techniques to compute the massless spectrum
for a compactification of the E8×E8 heterotic string based on a (0,2) hybrid CFT satisfying
(3.21), generalizing the methods of [24].
Heterotic hybrids
We follow [37] to complete our hybrid model to a critical heterotic background. We supple-
ment our internal (0,2) hybrid theory (c = 2D+r, c = 3D) by adding a set of free left-moving
fermions λ realizing a level 1 so(16 − 2r) current algebra (c = 8 − r, c = 0), a left-moving
level 1 e8 current algebra for the hidden sector (c = 8, c = 0) and the degrees of freedom of
the extended spacetime R1,9−2D (c = 10− 2D, c = 15− 3D).
We perform separate GSO projections on both left- and right-moving fermion numbers.
The left-moving GSO projection is onto eiπJ0(−1)Fλ = 1, where J0 denotes the U(1)L con-
served charge, and Fλ is the fermion number for the so(16−2r) left-moving fermions. This is
responsible for modular invariance and for enhancing the linearly realized so(16−2r)⊕u(1)L
to the full spacetime gauge group G [31] determined by
r 1 2 3 4 5
G e8 e7 e6 so(10) su(5) .
(4.1)
The right-moving GSO projection implies spacetime supersymmetry, and in particular it
determines an isomorphism between the right-moving Neveu-Schwarz (NS) and Ramond (R)
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sectors. The former corresponds to spacetime bosons and in particular contains the topological
heterotic ring [38], which is the (0,2) generalization of the usual A/B topological rings in (2,2)
theories. The latter contains the massless spacetime fermions which will be the subject of our
investigation in this section.
Massless string states are in the kernel of the right-moving Hamiltonian L0, and we use
the fact [24, 33] that this is isomorphic to the cohomology of Q to compute the spectrum by
exploiting the left-moving algebra structure derived in section 3.3.
The orbifold
While the construction of section 2 and 3 determines a UV completion of a (0,2) CFT it is
not in general suitable for a string compactification, as it does not possess integral U(1)L ×
U(1)R charges. The resolution is well known [37, 39] and amounts to perform an orbifold
by quotienting the hybrid theory by the symmetry generated by e2πiJ0 , where J0 is the
charge associated to JL. In particular, let qi = ai/Li for ai, Li ∈ Z>0 , then we orbifold
the theory by ZL where L = lcm(L1, . . . , Ln). The fact that the superpotential satisfies the
condition J−1(0) = B implies that including the charges QI in the discussion is not necessary.
Moreover, we can combine the orbifold with the left-moving Z2 GSO projection in a single
Z2L orbifold. The orbifold theory consists of a collection of twisted sectors labelled by an
integer k = 0, . . . , 2L − 1. Sectors with even k are associated to (R,R) sectors and their
study is sufficient to determine the G-charged content of the theory. Odd k sectors yield
additional G-neutral states, which correspond to G-preserving first-order deformations of the
theory. Moreover, the spectrum must be invariant under CPT, which exchanges the sectors
k and −k mod 2L. Thus, in the following it will suffice to analyze twisted sectors labeled by
k = 0, . . . , L.
The Hilbert space in the hybrid limit
We anticipated above that right-moving zero-energy states are selected by Q-cohomology. By
construction, Q commutes with the left-moving U(1)L charge and Hamiltonian. These are
obtained from the currents (3.12) as follows
J0 =
∮
dz
2πi
JL(z) , L0 =
∮
dz
2πi
zT (z) , (4.2)
and we can use these to assign charges and weights to all the fields in the theory, which we
list in table 1. The right-moving U(1)R R-charge J0 can be obtained in the UV theory as
J0 = J0+JR, where JR assigns charge −1 to ηα and +1 to χA. In particular, the charges (4.2)
induce a grading on the Hilbert space H = ⊕q,hHq,h, and in computing Q-cohomology we
can restrict to each of the subspaces Hq,h. We denote this grading as the physical grading. In
particular, as we are interested in the massless spectrum, we restrict our attention to Hq,h≤0.
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yα ρα η
α ηα χA χA
q qα −qα qα −qα QA −QA
2h qα 2− qα qα 2− qα QA + 2 −QA
q qα −qα qα − 1 −qα + 1 QA + 1 −QA − 1
Table 1. Weights and charges of the fields.
Hilbert subspaces with strictly negative left-moving energy are paired with the appropriate
so(16− 2r) left-moving oscillators in such a way that the total left-moving energy vanishes.10
A model based on a non-trivial hybrid geometry exhibits the same features as the more
familiar setting of a compact NLSM: worldsheet instantons wrapping non-trivial cycles in
B are expected to generate non-perturbative corrections to RG-invariant quantities, such as
massless spectra, Yukawa couplings, etc. We then perform these computations in the limit
where the Ka¨hler class of B lies deep in its Ka¨hler cone. This defines the hybrid limit,
which identifies a (limiting) point in the Ka¨hler moduli space around which a perturbative
expansion in worldsheet instantons is well-defined, as the corrections due to topologically non-
trivial maps are negligible. We stress that this point lies at infinite distance in the Ka¨hler
moduli space, and the existence of such limit is tied to our assumption that the R-symmetry
does not act on the base coordinates. When this fails, it can be shown [40, 41] that the hybrid
limit is at finite distance in the moduli space and corresponds to a singular CFT.
4.1 Twisted sectors and quantum numbers
Next we determine, given the algebra above, the quantum numbers of the vacuum state in
each twisted sector k relevant for the orbifold Z2L. The procedure is familiar: we expand the
fields in modes
yα =
∑
s∈Z−να
yαs z
−s−hα , ρα =
∑
s∈Z+να
ρα,sz
−s+hα−1 ,
χA =
∑
s∈Z−ν˜A
χAs z
−s−h˜A , χA =
∑
s∈Z+ν˜A
χA,sz
−s+h˜A−1 , (4.3)
where
να =
kqα
2
mod 1 , ν˜A =
kQA
2
mod 1 , hα =
qα
2
, h˜A = 1 +
QA
2
, (4.4)
and such that 0 ≤ να < 1 and −1 < ν˜A ≤ 0. We define the Fock vacuum |k〉 to be annihilated
by all positive modes, and if there are Fermi zero modes χA0 and χA,0, we additionally choose
χA0 |k〉 = 0 for all relevant A. In terms of modes the OPEs (3.13) read
[yαs , ρα,r] = δr+s,0 , {χAs , χA,r} = δr+s,0 . (4.5)
10The hidden e8 is always in the NS vacuum and does not contribute.
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With this set-up at hand, one-point functions of J0 and J0 in the twisted vacuum compute
the charges
q|k〉 = −
r
2
−
∑
α
ναqα +
∑
A
ν˜AQA ,
q|k〉 = −
D
2
+
∑
α
να(1− qα) +
∑
A
ν˜A(QA + 1) , (4.6)
and the one-point function 〈k|T |k〉 determines the vacuum energy
E|k〉 =
1
2
∑
α
να(1− να) + 1
2
∑
A
ν˜A(ν˜A + 1) , for k even ,
E|k〉 = −1 +
r
8
+
1
2
∑
α
να(1− να) + 1
2
∑
A
ν˜A(ν˜A + 1) , for k odd . (4.7)
The final data we need to determine is how the vacuum transforms over the base. It is in fact
a section of the holomorphic line bundle
L|k〉 = ⊗iX−νii ⊗⊗Γ˜F
ν˜
Γ˜−m
Γ˜
⊗ ∧RBE−ν˜MB , (4.8)
where ν˜M = 0 for k even and ν˜M = −1/2 for k odd. By using the anomaly cancellation
conditions (3.7) and (3.8) we obtain for k even
L|k〉 = ⊗iX−νii ⊗⊗Γ˜F
ν˜
Γ˜−m
Γ˜
, (4.9)
while for k odd
L|k〉 = ⊗iX
−νi+
1
2 qi
i ⊗⊗Γ˜F
ν˜
Γ˜−m
−
1
2QΓ˜
Γ˜
. (4.10)
4.2 Q-cohomology
The technique we use to compute the massless spectrum was first developed in [33] in the
context of LGOs and extended to (2,2) hybrid models in [24]. We review this briefly here,
emphasizing a few technically challenging issues new to our models. From the structure of
the right-moving N = 2 algebra
Q2 = Q
2
= 0 , {Q,Q} = −2∂¯z , (4.11)
it follows that the kernel of ∂¯z is isomorphic to the cohomology of Q. Working at fixed q, h,
the object of interest is the cohomology of the complex
· · · // Hq−1 Q // Hq Q // Hq+1 Q // · · · . (4.12)
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Moreover, Hq admits a second grading u which assigns charge +1 to η and −1 to η . Since we
have a decomposition Q = Q0+QJ , where Q0 ≡ Q
∣∣
J=0
and QJ contains all the dependence
on the superpotential, and since these satisfy
Q20 = Q
2
J = {Q0,QJ} = 0 , (4.13)
it follows thatQ0 andQJ act respectively as vertical and horizontal differentials on the double
graded complex Hp,u, where p = q− u. The total Q-cohomology (4.12) is then computed by
a spectral sequence Ep,ul equipped with differentials
dl : E
p,u
l → Ep+l,u+1−ll , (4.14)
such that El+1 = Hdl(El) [42]. Convergence of the spectral sequence is ensured by the fact
that u ≤ d implies dl = 0 for l ≥ d+ 2. Recall that the non-trivial action of Q on the fields
(2.24) restricted to Hq,h is
Q0 · yα = −ηα , Q0 · ηα = −∂¯yα , QJ · χA = JA , QJ · ρα = χAJAα . (4.15)
Since the right-moving fields are always restricted to the R sector, we can restrict to zero
modes, and we choose the Ramond ground state to be annihilated by the zero modes of ηα.
Thus, for all practical purposes we can drop ηα henceforth and restrict to zero modes for
ηα ≡ ηα0 . The first equation in (4.15) implies that Q0-cohomology is equivalent to Dolbeault
cohomology, and since Y retracts to B this is given by horizontal forms. In particular, we
can represent the action of the supercharges as follows
d0 = Q0 = −ηµ
∂
∂yµ
, d1 = QJ =
∮
dz
2πi
[χAJA](z) . (4.16)
While conceptually this framework parallels the (2,2) case, there is a substantial technical
difference, which we mention here and we will tackle later in this section. As pointed out
in [24] the cohomology groups H•
Q0
(Y ,Hq,h) are generically infinite-dimensional due to the
non-compact geometry of Y . The strategy to obtain a well-defined counting problem is the
following:
1. Even at J = 0 we can still keep track of the weights and charges of the fields, using
the quantities (4.2). It turns out that the geometric structure defined in this work
admits a coarse grading R – which generalizes the fine grading r assigning the grade
vector (r1, . . . , rn) to the fiber monomial
∏
i(φ
i)ri – which is a refinement of the physical
grading q, h. In particular, only a finite number of these will contribute to the total
Q-cohomology for h ≤ 0.
2. The graded cohomology groups H•R(Y ,Hq,h) can be evaluated in terms of cohomology
groups over the base, which are easier to compute.
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We will develop the relevant techniques to evaluate sheaf cohomology over Y of various
bundles constructed from E (and therefore all relevant elements in Hq,h) in section 4.4.
4.3 Geometry of massless states
In this section we determine the geometric structure describing the massless states of a (0,2)
hybrid model in a given twisted sector labeled by an integer k. From the discussion above,
a candidate for an element in H, that is, the most general Q0-closed combination of fields of
the theory, takes the form
S(yα; yµ)B1···Bvα1···αtA1···As;µ1···µu
ρα1 · · · ραtχA1 · · ·χAsχB1 · · ·χBvηµ1 · · · ηµu |k〉 . (4.17)
S is taken to be polynomial, hence holomorphic, in the fiber coordinates as indicated. The
geometric properties of the states (4.17) are derived from how the various fields transform
across patches. Let {U} be a cover of Y and let Ua,b be two patches with local coordinates
yαa,b such that Ua ∩ Ub 6= ∅. Then we have for the left-moving fields
yαb = y
α
b (ya) , ρbα =: (T −1ba )βα
[
ρaβ − (Sba)BβAχaBχAa
]
: ,
χAb = χ
B
a (Gba)
A
B , χbA = (G
−1
ba )
B
AχaB , (4.18)
where the transition functions Gba for the bundle E are defined in (2.22), while Tbaαβ ≡
∂yαb
∂y
β
a
are the transition functions for the tangent bundle TY and (Sba)
B
βA ≡ (G−1ba )BC (Gba)CA,β. We
recall that the normal ordering in the definition of ρα is needed to cure the divergencies in
the OPEs (3.13). More importantly, the Fermi bilinear term in the definition of ρα implies
that ρα does not transform as a section of a bundle on Y . It is possible however to build
well-defined states, i.e., states that patch as sections of a holomorphic bundle over Y , by
replacing ρα → ρα − ΓAαBχAχB in (4.17), where ΓAαB is the Hermitian connection. However,
these states are in general not Q0-closed, since
Q0 ·
(
ρα − ΓAαBχAχB
)
= −FA
MαB
χAχ
BηM . (4.19)
The geometric interpretation of this fact is the appearance of obstructions to the states being
massless. In (2,2) models such obstructions are required to vanish in order for CPT invariance
to hold as a symmetry in Q0-cohomology [24]. In (0,2) models there can be obstructions
compatible with CPT invariance, although we do not have an example in which these are
nontrivial. We describe these in detail in section 4.5. We now turn to a description of the
geometry in various twisted sectors.
In the untwisted (R,R) sector (k = 0), the vacuum |0〉 is characterized by
E|0〉 = 0 , (q|0〉, q|0〉) = (−r/2,−D/2) , L|0〉 = OB . (4.20)
Thus, we can simply restrict to zero modes for all the fields. With our conventions, this implies
that ρα and χ
A drop out of the Hilbert space and the relevant states in Q0-cohomology are
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associated to the wave-functions
S(yα; yµ)B1···Bvµ1···µu ∈ H
u
∂¯
(Y ,∧vE) . (4.21)
In the untwisted (NS,R) sector (k = 1), anomaly cancellation yields
E|1〉 = −1 , (q|1〉, q|1〉) = (0,−D/2) , L|1〉 = OB . (4.22)
Here, the fields transform as prescribed in (4.18) and the relevant geometry for describing the
states (4.17) is simply given by Y and appropriate powers (and duals) of the bundles E → Y
and TY → Y . In particular, assuming the obstructions (4.19) to vanish we have that upon
taking Q0-cohomology on the states (4.17) we obtain
S(yα; yµ)B1···Bvα1···αtA1···As;µ1···µu
∈ Hu
∂¯
(
Y ,∧vE ∧s E∗ ⊗ Symt(TY )
)
. (4.23)
In general obstructions might not vanish, and the action of Q0 must be corrected appropri-
ately, as we discuss in detail below.
In twisted sectors (k ≥ 2), two new features arise in our (0,2) models. First, as it can be
observed from (4.7), sectors for k ∈ 2Z can have E|k〉 < 0 and it does not suffice to reduce
to zero modes. Second, the splitting of the coordinates into light modes – which organize
themselves in a non-trivial geometry – and heavy modes – which instead transform simply as
pullbacks – must be generalized for (0,2) models. A great simplification comes from the fact
that we always have E|k〉 > −1. Thus the massless states are contained in the subspace of
the Hilbert space obtained by exciting only the lowest energy modes of the left-moving fields.
In particular, we truncate the expansions (4.3) to s ∈ (−1, 1), that is, for the bosonic fields
yµ ≡ yµ0 , φi ≡ φi−νi , ρ†i ≡ φi1−νi , yµ† ≡ ρµ,0 , φi† ≡ ρi,νi , ρi ≡ ρi,νi−1 , (4.24)
while for the left-moving fermions we distinguish between k ∈ 2Z (where ν˜M = 0)
χ†M ≡ χM0 , χ†I ≡ χI−ν˜I , χI ≡ χI−1−ν˜I , χM ≡ χM,0 , χI ≡ χI,ν˜I , χI † ≡ χI,1+ν˜I ,
(4.25)
and k ∈ 2Z+ 1 (where ν˜M = −1/2)
χ†A ≡ χA−ν˜A , χA ≡ χA−1−ν˜A , χA ≡ χA,ν˜A , χA† ≡ χA,1+ν˜A . (4.26)
Next, we expand GAB in (4.18) in terms of these modes, and we obtain
χIb = C
I
abχ
M
a + g
I
abχ
I
a =
∑
r∈∆I+m
Mrf
I
ab,rχ
M
a + g
I
abχ
I
a . (4.27)
The term defined by each monomial Mr =
∏
i(φ
i)ri contributes in the twisted sector, i.e.,
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it is not projected out by the truncation to lowest-energy modes, if and only if the energy
contributions of the various terms match, that is,
1 + ν˜I = 1 + ν˜M +
∑
i
riνi . (4.28)
In other words, even if all the modes φi in Mr survive the projection, the monomial itself
might not contribute to the transition functions for the bundle E , and it does so if and only
if (4.28) is satisfied.
For k ∈ 2Z, in particular, ν˜M = 0, thus we have ν˜I =
∑
i riνi. However, ν˜I ≤ 0 while∑
i riνi is a sum of non-negative quantities, thus (4.28) is satisfied only if ν˜I = riνi = 0. This
implies that we can distinguish the fields as (base,zero modes,heavy) coordinates yα according
to α = (µ, i′, ι) such that νi′ = 0 and νι > 0. Thus, base and fiber zero modes are coordinates
on a sub-bundle Y k ⊆ Y defined as
Y k : tot
(
⊕i′Xi′ πk−→ B
)
, (4.29)
while the heavy coordinates transform as pullbacks π∗k(Xι). Note that the modes ρi′ cannot
contribute to the massless spectrum in these sectors as they carry weight h = 1, while ρι
transform as sections of the pullback bundle π∗k(X
∗
ι ) over Y k, thus not needing any Fermi
bilinear correction. This shows already that obstructions of the form (4.19) are absent in
sectors k ∈ 2Z. For the Fermi modes, we have a similar splitting into A = (M, I ′,Λ), where
ν˜I′ = 0 and ν˜Λ < 0. Indeed, (4.28) can only be satisfied for A = I
′ and for Mr =
∏
i′(φ
i′)ri′ ,
that is, all the monomials Mr are restricted to zero modes. Thus, the zero modes χ
M,I′
organize themselves as a sub-bundle Ek → Y k of E defined by the SES
0 // ⊕I′π∗kFI′+m // Ek // π∗kEB // 0 , (4.30)
with transition functions defined by the projection onto zero modes of (2.22). The heavy
modes χΛ transform instead as sections of the pullback bundles π∗k(FΛ). We summarize these
in the following table:
modes yµ,i
′
yι ρι χ
M,I′ χΛ χM,I′ χA
bundle Y k π
∗
kXι π
∗
k(X
∗
ι ) Ek π∗kFΛ+m E∗k π∗kF∗Λ+m
(4.31)
In k > 1 odd sectors, ν˜M = −1/2, and in this case (4.28) reads
ν˜I −
∑
i
riνi = −1
2
. (4.32)
Thus, we split the fields as (base,light,heavy) modes, generalizing the same notation we
adopted for the even k case, such that νi′ ≤ 1/2 and νι > 1/2. In fact, any monomial
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Mr with a non-trivial dependence on any of the heavy coordinates φ
ι cannot satisfy (4.32).
Note that in k > 1 sectors of sensible models E|k〉 > −1 and we can again suppress the
base oscillator ρµ dependence. Moreover, ρι will transform again as sections of the pullback
bundles π∗k(X
∗
ι ). For the Fermi modes, we have a similar splitting into A = (M, I
′,Λ) such
that (4.32) is satisfied for some r ∈ ∆I′+m and is never satisfied for r ∈ ∆Λ+m. The light
fields χM,I
′
then organize themselves as a sub-bundle Ek → Y k of E defined by the SES (4.30),
whose transition functions are obtained from (2.22) by projecting onto Mr such that (4.32)
holds. As before, the heavy fields instead transform as pullbacks π∗k(FΛ+m) and the modes
χA transform in the dual of the corresponding bundles. Finally, we need to pair the light
modes ρi′ to the Fermi bi-linear using a connection on Ek, and the well-defined combination
will transform as a section of TY k . We summarize again all the relevant modes and their
transformation properties in a generic twisted sector k ∈ 2Z≥0 + 3:
modes yα,i
′
yι ρi′ −A(N,J
′)
i′(M,I′)χN,J ′χ
M,I′ ρι χ
M,I′ χΛ χM,I′ χΛ
bundle Y k π
∗
kXι TY k π
∗
k(X
∗
ι ) Ek π∗kFΛ+m E∗k π∗kF∗Λ+m .
(4.33)
Thus, from the discussion above, we conclude that in a given twisted sector the states (4.17)
are organized as (0, u)-horizontal forms valued in the bundle
Bkr,s,t ≡ ∧rEk ∧s E∗k ⊗ Symt(TY k)⊗ L∗|k〉 , (4.34)
tensored with an appropriate pullback bundle π∗k(FH) which takes into account the heavy
fields. The goal of section 4.4 is to show how to compute the cohomology groupsH•(Y k, B
k
r,s,t⊗
π∗k(FH)).
4.4 (0,2) sheaf cohomology
We now turn to the description of the techniques to compute the graded cohomology groups
relevant for the massless spectrum analysis. In particular, we will focus on the cohomology
groups H•(Y , E). The analysis can be straightforwardly generalized to the dual bundle E∗
and more general tensor (and wedge) products, thus covering all the relevant elements in
Hq,h.
Our starting point is the fine grading r ∈ Z⊕n, which we recall assigns to each fiber
monomial
∏
i(φ
i)ri the vector r = (r1, . . . , rn). In the case E = TY it has been shown in [24]
that the SES defining TY can be graded with respect to r as follows
0 // ⊕i(π∗Xi)r+xi // (TY )r // (π∗TB)r // 0 , (4.35)
where (xi)j = δij. From this form, by passing to the induced LES, it is possible to reduce
the computation to cohomology groups over the base. Generically, there is an obstruction in
doing so when E 6= TY . The sections EΓ˜ in (2.20) do not respect in general the fine grading
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r, as different monomials consistent with (2.16) are associated to different fine grades. We
then start by defining
∆′
Γ˜
=
{
r ∈ ∆Γ˜
∣∣∣Sr
Γ˜
6= 0
}
. (4.36)
This selects the monomials that do appear (with non-zero coefficient) in the maps (2.20). It
is also convenient to define
δΓ˜ =
{
r1 − r2,∀r1,2 ∈ ∆′Γ˜
}
, (4.37)
and let ΠΓ˜ be the (codimension at least one) sublattice of Z
⊕n generated by the elements
of δΓ˜. More generally, let Π be the sublattice of Z
⊕n generated by the elements of δΓ˜,
Γ˜ = P + 1, . . . , R + m. While the fine grading by r is not preserved by the transition
functions, it is clear by construction that the coarser grading by
R ∈ Z
⊕n
Π
, (4.38)
is preserved; we denote this the coarse grading.
Now, let Hq ⊂ Rn be the “charge q” hyperplane defined by the relation
∑
i qixi = q.
Then we have that Π ⊆ H0∩Z⊕n. We see therefore the relation between the various gradings
introduced so far:
• If Π = ∅, the bundle E splits as a sum of line bundles. More generally, if ∆Γ˜ is empty,
δΓ˜ is empty as well and we can write E = E ′ ⊕ π∗FΓ˜ for some E ′.
• If Π = {0}, then R reduces simply to the fine grading r. This occurs when ∆Γ˜ = {r˜Γ˜}
is one-dimensional for all Γ˜.
• If Π = H0∩Z⊕n, then R = Hq(R)∩Z⊕n is the physical grading, where q(R) = q(r) for
R = [r]. In this case, the energy grading simply follows from the charge grading since
qi = 2hi for φ
i.
• If Π ⊂ H0∩Z⊕n, and if Π is non-trivial (in the sense that it is not empty and it does not
consist only of the zero element), then R ⊂ Hq(R) ∩ Z⊕n, and it is apparent that this
is a refinement of the physical grading. This occurs whenever ∆Γ˜, for some Γ˜, contains
at least two elements. This is precisely the case we are interested in solving.
Note that in general each conjugacy class in (4.38) is infinite as a subset of Z⊕n. Our
interest is in sections with local polynomial dependence on the fiber coordinates, so we define
the truncated coarse grading class as the intersection of the class R with the positive orthant,
R+ ≡ R ∩ Z⊕n+ . This will contain a finite number of points (monomials).
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Finally, we show how to compute such graded cohomology groups. From the form of
(2.22) it follows that we can grade (2.19) as
0 // ⊕Γ˜ ⊕r∈(R+∆′
Γ˜
)+ (π
∗FΓ˜)r // (E)R // ⊕r∈R+(π∗EB)r // 0 , (4.39)
where
R+∆′
Γ˜
=
{
r1 + r2
∣∣r1 ∈ R, r2 ∈ ∆′Γ˜} ⊆ Hq(R)+QΓ˜+1 ∩ Z⊕n . (4.40)
Finally, the graded cohomology groups H•R(Y , E) can be promptly computed by passing
to the LES associated to (4.39), and using the fact that for a pullback bundle H•r(Y , π
∗F) =
H•(B,F ⊗ Lr) where Lr ≡ ⊗i(X∗i )ri .11
An example will illustrate this best.
The coarse grading: an example
Let us take Y = tot
(O(−1)⊕2 → P1) and
E1 = aφ
1 + bφ2 , E2 = cφ
1 + dφ2 . (4.41)
Here φi, i = 1, 2 are the fiber coordinates of Y and a, b, c, d ∈ C. This particular choice for
the map E forces FI = O(−1) for I = i = 1, 2, and we choose EB = TB = O(2). Since
we are not going to build a full hybrid model out of this geometric set-up, only for this
example we do not follow our conventions for the indices as in the rest of the work. Note
that upon performing a GL(2,C) field redefinition of the φ’s, it is possible to diagonalize the
maps (4.41), recovering the (2,2) form Ei = φ
i. Hence, the bundle E defined by (4.41) is
isomorphic to the tangent sheaf TY . We are going to compute the sheaf cohomology of this
(0,2) disguised tangent bundle and check our answer with the known result. If we assume
that a, b, c, d 6= 0 then (4.41) implies ∆′i = {(1, 0), (0, 1)} and δi = {(0, 0),±(1,−1)}. Thus,
Π = {(r1, r2) ∈ Z⊕2|r2 = −r1} and (4.38) determines the coarse grading R by an integer L
as follows
RL =
{
(r1, r2) ∈ Z⊕2|r1 + r2 = L
}
. (4.42)
Now, for a fixed grading RL we then have
RL +∆
′
i =
{
(r1, r2)
∣∣r1 + r2 = L+ 1} = RL+1 . (4.43)
Thus, (4.39) reads
0 // (π∗O(−1))⊕2
r∈(RL+1)+
// (E)RL // (π∗O(2))r∈(RL)+ // 0 . (4.44)
11For a proof of this fact we refer to appendix C of [24].
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In this case the grading bundle is L(r1,r2) = O(1)r1 ⊗ O(1)r2 = O(r1 + r2). We can pass to
the induced LES

0 // H0(RL+1)+(B,O(L))⊕2 // H0RL(Y , E) // H0(RL)+(B,O(L+ 2))BC
GF
H1(RL+1)+(B,O(L))⊕2 // H1RL(Y , E) // H1(RL)+(B,O(L+ 2)) // 0
(4.45)
where
H•(RL′ )+
(B, •) ≡ ⊕r∈(RL′ )+H•(B, •) = H•(B, •)⊕|(RL′)+| . (4.46)
If L ≥ 0 we then have
H0RL(Y , E) = C3L
2+10L+7 , H1RL(Y , E) = 0 , (4.47)
and zero otherwise. We recall that for the diagonal form of the E’s we have
H0(r1,r2)(Y , TY ) = C
3(r1+r2)+5 , H1(r1,r2)(Y , TY ) = 0 , (4.48)
while if r1 = −1
H0(−1,r2)(Y , TY ) = C
r2 , H1(−1,r2)(Y , TY ) = 0 , (4.49)
and similarly for r2 = −1. All other graded cohomology group vanish. Considering the
appropriate sum of these cohomology groups we obtain
⊕r1+r2=LH0(r1,r2)(Y , TY ) = C3L
2+10L+7 , ⊕r1+r2=LH1(r1,r2)(Y , TY ) = 0 , (4.50)
which agrees as expected with (4.47).
4.5 Obstructions and CPT
Consistent physical theories must exhibit CPT as a symmetry. In our (0,2) models, it follows
from energy and charge considerations that a state in the k-th sector with charges (q, q) is
paired with a state in the 2L−k sector with charges (q,−d−q) by replacing the fields/modes
yi ↔ ρi , χA ↔ χA , (4.51)
and recalling that the quantum numbers for the conjugate vacua satisfy
(q|2L−k〉, q|2L−k〉) = (−q|k〉,−q|k〉 − d) , L|k〉 ⊗ L|2L−k〉 = K∗B . (4.52)
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Whenever Q0 = ∂¯, Serre duality on the base ensures that this pairing descends to Q0-
cohomology. As shown in (4.19), this is not always the case, signaling the possibility of
non-trivial obstructions. In (2,2) models, it has been argued that such obstructions would
lead to a violation of CPT, therefore these had to be required to vanish in a physically relevant
model. This is not necessarily the case outside the realm of (2,2) hybrids, and we now turn
to the description of a class of obstructions that potentially arise in our (0,2) models.
The case where the hybrid formalism is employed to describe the massless spectrum of
a (0,2) NLSM with a CY3 manifold target space equipped with a left-moving SU(n) stable
bundle V has been already worked out in detail in [24]. Thus, we consider here hybrid
models where the orbifold action Z2L is non-trivial. This implies, in particular, that the CPT
conjugate twisted sectors k = 1 and k = −1 do not coincide, and the class of obstructions
we are going to discuss will involve gauge singlets arising in these two sectors. For ease of
exposition, only in this section we make a few simplifying assumptions: we assume c = 9 and
that the charges of the fields satisfy the bounds qi < 1/2 and QA < −1/2. The motivation
behind the first assumption is that it allows us to be more explicit in our presentation and
it corresponds to the phenomenologically more interesting class of models. Second, fields
which do not satisfy the bounds on the charges above give rise to extra massless states, which
however do not take part in the class of obstructions we are going to describe. Moreover,
a model with d = 3 is necessarily equipped with a c = 0 fiber LG theory, in which all the
fiber fields are massive in the sense that the superpotential is linear in the fiber fields and the
above bounds on the charges cannot be satisfied. This means that, in our current analysis,
we can restrict our attention to the case d ≤ 2.
From the general discussion above, all the fields in the k = 1 sector are light, and well-
defined states transform as sections of the appropriate bundles over Y . In the k = −1 sector
instead, all the fields are heavy, and the geometry just reduces to the base. The vacua have
the following universal quantum numbers
E|1〉 = E|−1〉 = −1 , q|1〉 = q|−1〉 = 0 , q|1〉 = −q|−1〉 − d = −
3
2
. (4.53)
Moreover, while |1〉 transforms as a section of the trivial bundle over the base, the conjugate
vacuum transforms non-trivially, | − 1〉 ∈ Γ(K∗B).
With this set-up, we can list all the states that can give rise to singlets in both sectors.
Starting with k = 1, we have
Ψ1α∂zy
α|1〉 Ψ2α(ρα −AAαBχAχB)|1〉 Ψ3AB χAχB |1〉 Ψ4AχA|1〉
q 0 qΨ − qα qΨ +QB −QA qΨ +QA
q −3/2 qΨ − qα − 3/2 qΨ +QB −QA − 3/2 qΨ +QA − 1/2
(4.54)
The requirement that these are singlets, q = 0, determines the restriction to the appropriate
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physical grades of the various sections Ψ, which are sections over Y of the following bundles(
Ψ1α
)
0
∈ Γ(π∗T ∗B) ,
(
Ψ2α
)
qα
∈ Γ(TY ) ,
(
Ψ3AB
)
QA−QB
∈ Γ(End E) , (Ψ4A)−QA ∈ Γ(E∗) ,
(4.55)
where J0 · (Ψ)qΨ = qΨΨ. These states fit into a complex
Ψ1α∂y
α // Ψ1αµ∂y
αηµ // Ψ1αµν∂y
αηµην
Ψ2α(ρα −AAαBχAχB)
⊕
Ψ3AB χAχ
B
//
Ψ2αµ (ρα −AAαBχAχB)ηµ
⊕
Ψ3ABµχAχ
Bηµ
//
Ψ2αµν(ρα −AAαBχAχB)ηµην
⊕
Ψ3ABµνχAχ
Bηµην
Ψ4Aχ
A // Ψ4Aµχ
Aηµ // Ψ4Aµνχ
Aηµην
−3/2 −1/2 1/2 3/2
(4.56)
where we omitted the vacuum |1〉 and the appropriate grading on the various sections. Each
column corresponds to the indicated eigenvalue of the right-moving charge q. Taking Q0-
cohomology we obtain
H0(T ∗B) H
1(T ∗B) H
2(T ∗B)
H0(TY )
⊕
H0(End E)
obs0 //
H1(TY )
⊕
H1(End E)
obs1 //
H2(TY )
⊕
H2(End E)
H0(E∗) H1(E∗) H2(E∗)
−3/2 −1/2 1/2 3/2
(4.57)
where the map obsk : H
k(Y , TY )→ Hk+1(Y ,End E) acts by contraction with the curvature
obsk(Ψ
2α
µ1···µk
) = −Ψ2αµ1···µkFAµk+1αB . (4.58)
We wish now to perform the same analysis for the singlets arising in the CPT conjugate
k = −1 sector. We start again by listing all the operators that can give rise to h = 1 and
q = 0 states
Ξ1αy
α| − 1〉 Ξ2µ(ρµ −AAµBχAχB)| − 1〉 Ξ3AB χAχB | − 1〉 Ξ4AχA| − 1〉
q qΞ + qα 0 qΞ +QB −QA qΞ −QA
q 3/2 − d qΞ − qα + 3/2 − d qΞ +QB −QA + 3/2 − d qΞ −QA + 1/2− d
(4.59)
where yα = (∂yµ, φι). In this notation, Ξ ≡ Ξ(yµ; yµ; ρι; ηµ), and the requirement that
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the above states satisfy q = 0 determines the ρ dependence. That is, we can expand the
wavefunctions as
Ξ =
∑
r
∑
k
(Ξ)0 (y
µ, yµ)µ1···µk
∏
ι
ρrιι η
µ1 · · · ηµk , (4.60)
and J0 · (Ξ)qΞ = qΞΞ implies −qιrι = qΞ. We can then characterize the various bundles over
B which determine the transformation properties of the relevant states in (4.59):(
Ξ1µ
)
0
∈ Γ(KB ⊗ T ∗B) ,
(
Ξ1i
)
qi
∈ Γ (KB ⊗X∗i ⊗ (⊕r|−rιqι=qι ⊗ι Xrιι )) ,(
Ξ2µ
)
0
∈ Γ(KB ⊗ TB) ,
(
Ξ3IJ
)
QA−QB
∈ Γ (KB ⊗ End E|B ⊗ (⊕r|−rιqι=QA−QB ⊗ι Xrιι )) ,(
Ξ4A
)
QA
∈ Γ (KB ⊗ E|B ⊗ (⊕r|−rιqι=QA ⊗ι Xrιι )) . (4.61)
Then, we can construct the complex (again, we drop the vacuum | − 1〉, but we need to
remember it transforms non-trivially)
Ξ1αy
α // Ξ1αµy
αηµ // Ξ1αµνy
αηµην
Ξ2µ(ρµ −AAµBχAχB)
⊕
Ξ3AB χAχ
B
//
Ξ2µµ (ρµ −AAαBχAχB)ηµ
⊕
Ξ3ABµχAχ
Bηµ
// //
Ξ2µµν(ρµ −AAµBχAχB)ηµην
⊕
Ξ3ABµνχAχ
Bηµην
Ξ4Aχ
A // Ξ4Aµχ
Aηµ // Ξ4Aµνχ
Aηµην
1/2− d 3/2 − d 5/2 − d 7/2 − d
(4.62)
and by taking Q0-cohomology we obtain
12
H0(KB ⊗ T ∗Y |B) H1(KB ⊗ T ∗Y |B) H2(KB ⊗ T ∗Y |B)
H0(KB ⊗ TB)
⊕
H0(KB ⊗ End E|B)
o˜bs0 //
H1(KB ⊗ TB)
⊕
H1(KB ⊗ End E|B)
o˜bs1 //
H2(KB ⊗ TB)
⊕
H2(KB ⊗ End E|B)
H0(KB ⊗ E|B) H1(KB ⊗ E|B) H2(KB ⊗ E|B)
1/2− d 3/2− d 5/2− d 7/2 − d
(4.63)
The obstruction maps o˜bsk : H
k(B,KB ⊗ TB) → Hk+1(B,KB ⊗ End E|B) act again as the
contraction with the curvature
o˜bsk(Ξ
2µ
µ1···µk
) = −Ξ2µµ1···µkF
A
µk+1µB
. (4.64)
12Here and in what follows we leave the grading of the wavefunctions (4.61) implicit to simplify notation.
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It is not hard to show that the cohomology groups in (4.57) and (4.63) are pairwise CPT
dual. Therefore, in order for CPT to hold as a symmetry in Q0-cohomology, the ranks of the
obstruction maps in the dual descriptions must match. In order to be more explicit, and to
give a geometric interpretation to these obstructions, let us consider the two cases d = 1, 2
separately.
Suppose d = 1, then all second degree cohomology groups on the base vanish, as well as
obs1 = o˜bs1 = 0. Then, CPT holds as a symmetry in Q0-cohomology iff
rank obs0 = rank o˜bs0 . (4.65)
When this holds and these maps are non-trivial, the dual maps lift pairs of singlets, of
which one is chiral and the other is anti-chiral, together with the respective chiral/anti-chiral
currents. However, note that the singlets are not CPT conjugate (in the sense of Serre duality)
to each other: the chiral singlet represented by a class in H1(Y ,End E) in the image of obs0
is to be interpreted as a bundle deformation, while the anti-chiral singlet which maps non-
trivially under o˜bs0 is Serre dual to a chiral singlet corresponding to a Ka¨hler deformation,
as H0(B,KB ⊗ TB) =
[
H1(B,T ∗B)
]∗
. In other words, what in the chiral sector looks like
an obstruction to a bundle deformation, in the anti-chiral sector is to be interpreted as a
Ka¨hler deformation obstruction. Hence, we interpret (4.65) as an obstruction to extending
an infinitesimal Ka¨hler deformation of the base to an infinitesimal deformation of the bundle
E → Y . This is a feature proper of a non-trivial hybrid model, and can be perhaps interpreted
as the worldsheet version of the Ka¨hler sub-structure [43]. We notice that in all the examples
we have considered, such obstructions always vanish. It would be interesting to determine
whether this is always the case, but we have not being able to do so.
Let us now consider the case d = 2. Here, CPT will hold as a symmetry inQ0-cohomology
iff
rank obs0 = rank o˜bs1 , rank obs1 = rank o˜bs0 . (4.66)
For the first equation in (4.66) the same discussion from the d = 1 map (4.65) applies,
thus in this case we interpret obs0/o˜bs1 again as a Ka¨hler/bundle deformations compatibility
obstruction. The novelty here is represented by the maps obs1 and o˜bs0, which we require
to be dual in a well-defined model. When non-trivial, these maps lift each pairs of singlets,
of which two chiral and two anti-chiral. The chiral singlets lifted by obs1 are represented by
cohomology classes in H1(Y , TY ), which are naturally interpreted as infinitesimal complex
structure deformations of the target space Y , while the Serre dual of the anti-chiral singlets
in the image of o˜bs0 are classes in
[
H1(B,KB ⊗ End E|B)
]∗
= H0(Y ,End E), which are
interpreted as infinitesimal complex structure deformations of the bundle E → Y . Hence,
it is natural to interpret these maps as the hybrid version of the Atiyah class [44], which
captures an obstruction to the compatibility between a complex structure deformation of Y
and a bundle deformation [45]. Again, we remark that we do not know of an example in
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which nontrivial obstructions arise.
To conclude this section, we briefly comment on obstructions in twisted sectors for k > 1.
We have seen that in our (0,2) models, obstructions are compatible with CPT invariance
precisely when (4.65) or (4.66) holds. A crucial fact for this to be allowed is the presence
in both CPT conjugate sectors k = ±1 of the base fields ρµ. In a generic twisted sector
k > 1, these modes do not appear, as we discussed at the beginning of this section. Thus, the
argument of [24] extends to our (0,2) models: CPT invariance is violated when non-trivial
obstructions appear in twisted sectors k > 1, as these cannot arise in the dual states in the
dual sectors 2L− k.
Finally, simple energy considerations show that each monomial in QJ in the k sector
generates the same action as the dual monomial in the 2L−k sector obtained by implementing
(4.51). Thus, provided CPT is a symmetry in Q0-cohomology, it is also maintained as a
symmetry by further taking QJ -cohomology, and therefore of the full Q cohomology.
5 Examples
We now turn to the analysis of two examples of (0,2) hybrid models. The first example will
illustrate several technical points, as we will require the full power of the techniques developed
in the previous section to explicitly solve the model. The second example, while technically
less challenging as the left-moving bundle simply pullbacks from the base, displays a rather
surprising conceptual feature, concerning accidental symmetries in (0,2) models. For both
examples, we will limit our discussion in this section to the relevant features of the massless
spectrum, and we defer the explicit computations to appendix B.
5.1 A so(10) model
Let us take the target space to be
Y = tot
(O(−1)⊕2 ⊕O ⊕O → P1) ,
q : 15
1
5
2
5 (5.1)
where we denote φa, a = 1, 2, as the coordinates along the fibers O(−1)⊕2 and φ3,4 along the
trivial fibers. Next, we choose the following data for the E → Y
0 // OY E // π∗O(1)⊕3 ⊕ π∗O ⊕ π∗O(−1)⊕O(−3)⊕ π∗O(1) // E // 0 ,
Q : −1 − 45 − 45 − 45 − 35
(5.2)
that is, m = 1, P = 3 and R = 6. In both (5.1) and (5.2) we have indicated the U(1)L action,
which determines the orbifold group Γ = Z10. This data yields c = 10, c = 9 and r = 4, thus
we expect a so(10) theory in four dimensions. In particular, we choose in (5.2) the following
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injective map
E1 = z1 , E
2 = z2 , E
3 = E4 = E5 = E6 = 0 , E7 = −z31φ21 − z32φ22 , (5.3)
where z1,2 are homogeneous coordinates on B = P
1. For local coordinates we will use u =
z1/z2 = v
−1. It is clear from this data that EB = TP1 ⊕O(1), and more in general the bundle
is isomorphic to E = π∗O(−1)⊕ π∗O(−3)⊕ π∗O ⊕ π∗O(1) ⊕ E ′ where E ′ is a rank-2 bundle
defined by the transformations
Guv =
(
−v−2 v−2φ21 + vφ22
0 v−1
)
. (5.4)
A choice of (0,2) superpotential J ∈ Γ(E∗) is given by (recall that A = (M, I) whereM = 1, 2
and I = 3, . . . , 6)
Ju1 = (u
4 + αu2 − γ)φ51 + β̂u3φ52 + βu3φ31φ22 Jv1 = γv3φ51 + (α̂v4 + v2 − β̂)φ52
+ (u4 + α̂u2 − γ̂)φ21φ32 , + (αv4 + v2 − β)φ31φ22 + γ̂v3φ21φ32 ,
Ju2 = (u
4 + 1)φ52 , J
v
2 = (1 + v
4)φ52 ,
Ju3 = φ
2
4 , J
v
3 = φ
2
4 ,
Ju4 = (u+ 1)φ
4
3 , J
v
4 = (1 + v)φ
4
3 ,
Ju5 = (u
3 + 2)φ43 , J
v
5 = (1 + 2v
3)φ41 ,
Ju6 = (u
2 + α)φ31 + (u
2 + α̂)φ32 , J
v
6 = (1 + αv
2)φ31 + (1 + α̂v
2)φ32 . (5.5)
It is easy to verify that for general values of the parameters α, β, γ, α̂, β̂, γ̂, (5.5) defines a
non-singular superpotential.
GSO projection for SO(10) bundles
Let us recall some facts about the GSO projection for r = 4 theories. In this case the group
SO(16 − 2r) = SO(8) is linearly realized by eight free fermions λ and the GSO projection is
enforced on the ground states as
(−1)Fλe−iπJL = 1 , (5.6)
where Fλ is the fermion number for the free λ system. The eight λ combine into four Weyl
fermions, whose action is Fλ = 0 on the NS and Fλ =
1
2 on the R ground states. Hence,
(−1)Fλ = 1 on the both NS and R ground states. Thus, in the R sectors, to a state with JL
odd we associate the representation 8s of so(8), while if JL is even we associate a 8
c. In the
NS sectors, if JL is odd, the state must have weight −1/2 and it is associated to a 8v, while
if JL is even, we associate the representation 28 if the state has weight −1 or a 1 if it has
weight zero.
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so(10) 45 16 16 10 1
so(8)⊕ u(1) 8c−2 280 10 8c2 8s−1 8v1 8v−1 8s1 1−2 8c0 12 10
k = 0 1 0 0 0 96 0 0 0 0 54 0 0
k = 1 0 1 1 0 0 96 1 0 2 0 54 393
k = 2 0 0 0 1 0 0 0 1 0 2 0 0
k = 3 0 0 0 0 0 0 1 0 0 0 2 31
k = 4 0 0 0 0 0 0 0 1 0 0 0 0
k = 5 0 0 0 0 0 0 2 0 1 0 0 16
k = 6 0 0 0 0 0 0 0 2 0 1 0 0
k = 7 0 0 0 0 0 0 0 0 0 0 1 3
k = 8 0 0 0 0 0 0 0 0 0 0 0 0
k = 9 0 0 0 0 0 0 0 0 54 0 0 0
tot # 1 96 4 57 443
Table 2. Summary of massless spectrum for the so(10) model.
Summary
We organize the result for the massless spectrum of this model, derived in appendix B, in
table 2. We verify that the states assemble themselves as expected into representations of
so(10): we find the gauginos from the adjoint representation of so(10), while the chiral matter
is organized in 16’s, 16’s and 10’s of so(10). In particular, we find a 443-dimensional space of
so(10)-preserving first order deformations. Moreover, the spectrum is supersymmetric, thus
the model does not suffer from the kind of pathology along the lines of [13]. As will we show
below, it is not clear how to embed this model into a GLSM. Hence, it is natural to conjecture
that our hybrid model flows in the IR to a previously unexplored CFT.
5.2 An E7 model
Our second example is going to reveal an interesting feature of our models. One of the
assumptions for the correspondence between our UV model and the IR SCFT which we
analyzed in section 3.3 consists in the absence of IR accidental symmetries [19]. In fact, if
these occur, they can mix with the na¨ıve U(1)UVR R-symmetry and c-extremization [18] might
select a different U(1)IRR . This can have drastic consequences on the structure of the conformal
manifold, which in the most extreme case might be even empty, that is c = cIR, c = cIR is not
satisfied for any choice of the parameters of the UV model. As shown in [20] in the context
of LG theories this phenomenon does in general occur in (0,2) models, and it is therefore
natural asking how these accidents manifest themselves in more general (0,2) theories. A
hybrid theory, which has the structure of a LG fibration, provides the perfect setting to begin
such a task. In particular, it is reasonable to conjecture that LG accidents carry over to the
hybrid structure, which would then suffer from the same pathology. Indeed, we can write
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(3.16) and (3.20) in terms of the data of the fiber LG theory as
c = 2d+RB + cLG , c = 3d+ cLG , (5.7)
and one might conclude that the hybrid IR would inherit the pathology of the LG fiber,
prompting the model builder to reject such a hybrid theory.
As this example will show, the situation is not as dramatic as it might seem at this point.
We are going to argue that in some cases the hybrid can resolve a fiber accident, even when
this is fairly severe. In particular, we study an example obtained as a fibration of the LG
model carefully examined in [20], which we now review.
The UV LG model has n = 2, N = 3 and charges
Φ1 Φ2 X 1,2,3
q 17
3
7 −67
q 17
3
7
1
7
(5.8)
which lead to a putative r = 2, c = 3 model. The generic superpotential depends on 9 param-
eters, and it can be shown that there exist only three orbits of field redefinitions compatible
with (5.8). For each of these, the corresponding parameter space reduces to just a point ex-
hibiting enhanced symmetries which lead through c-extremization to cIR > 3. In particular,
there is no choice of UV parameters that realizes a IR CFT with r = 2, c = 3.
We now turn to our hybrid example constructed by fibering the above LG theory over
B = P1 and with the following geometric set-up
Y = tot
(O ⊕O(−4)→ P1) , E = π∗O(2) ⊕ π∗O⊕2 → Y . (5.9)
This data satisfies the anomaly conditions (3.6) and (3.7), (3.9) is automatically satisfied by
the non-anomalous fiber LG theory, while (3.1) does not impose any constraints in this case
since dimB = 1. The most general superpotential compatible with this data is given by
J1 = S[2]φ
3
1φ2 + S[6]φ
2
2 , J2,3 = S[0]φ
6
1 + S[4]φ
3
1φ2 + S[8]φ
2
2 , (5.10)
where S[d] ∈ H0(P1,O(d)). In particular, by considering the following specific choice for
(5.10)
J1 = u
6φ22 , J2 = φ
6
1 , J3 = (u
8 + 1)φ22 , (5.11)
where u is a local coordinate on P1 in an appropriate patch, it is obvious to realize that it
leads to a non-singular model, i.e., J−1(0) = B.
This data seems to define a theory with c = c = 6 and r = 2, which should correspond
to a point in the moduli space of K3 compactifications.
Instead of attempting a rather involved study of orbits of fields redefinitions for (5.10), we
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will compute the massless spectrum of the associated six-dimensional compactification. We
will then show that we recover all the expected features for a K3 compactification, prompting
us to conjecture that there is a range of UV parameters for which the theory does flow to the
expected IR fixed point.
GSO projections for su(2) bundles in six dimensions
In this example we have D = 2 and r = 2. The unbroken gauge group in spacetime is
e7 ⊕ e8, and in what follows we will restrict our attention to the degrees of freedom of the
e7 component. In a standard r = 2 NLSM setting the linearly realized algebra is so(12) ⊕
su(2)L ⊂ e7. We then decompose the representation of e7 as follows
e7 7→ so(12) ⊕ su(2)L
133 = (66,1)⊕ (32,2)⊕ (1,3) ,
56 = (12,2)⊕ (32′,1) . (5.12)
However, in our hybrid application the states are classified according to so(12)⊕u(1)L⊕u(1)R.
In other words, we do not have at our disposal a fully linearly realized su(2)L, but only the
u(1)L charges q. However, these values will be enough to reconstruct the full representations.
In particular, with our normalization, q = (1,−1) will correspond to a doublet under su(2)L
and q = (2, 0,−2) to the triplet 3 ∈ su(2)L. Moreover, the left-moving GSO projection is
always onto even values of q in every sector, due to the fact that the number of free fermions
is even (six to be precise, as they form a so(16 − 2r) level 1 algebra). The only difference is
that in R sectors (k even) states with q odd correspond to 32 ∈ so(12) while states with q
even to 32′ ∈ so(12).
An analogous story holds for the right-moving sector. Here, we have a su(2)R R-symmetry
but again in our hybrid setting we classify states according to the charges q. The right-moving
GSO projection identifies doublets of su(2)R with spacetimes vectors and su(2)R-singlets with
1
2 -hypers.
Summary
We summarize our results from appendix B, taking into consideration the contribution from
the CPT conjugate sectors. For the most part the spectrum is universal, that is, it is inde-
pendent of the specific form of the superpotential (5.10). We list in table 3 the contribution
from each sector, restricting ourselves to q ≤ 0, as this completely determines the spectrum
structure. Our notation is such that each entry in the table is of the form #q, where # is
the number of states in the appropriate so(12) representation, and q is the corresponding
eigenvalue under u(1)L ⊂ su(2)L. In particular, we find the gauge vectors necessary for a E7
theory, as well as 20 12 -hypers corresponding to E7-charged matter and 65 E7-neutral hypers.
This is the expected spectrum for a K3 compactification, and it satisfies anomaly cancellation
in six dimensions. Additional not universal hypers arise for special forms of the superpoten-
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E7 133 56 1
so(12) ⊕ su(2)L 66,1 1,3 32,2 12,2 32′,1 1,1
k = 0 0 0 1−1 0 100 0
k = 1 10 10 0 101 0 300
k = 2 0 0 11 0 0 0
k = 3 0 12 0 5−1 0 150
k = 4 0 0 0 0 50 0
k = 5 0 0 0 51 0 90
k = 6 0 0 0 0 0 0
k = 7 0 0 0 0 0 220
k = 8 0 0 0 0 0 0
k = 9 0 0 0 5−1 0 90
k = 10 0 0 0 0 50 0
k = 11 0 0 0 51 0 150
k = 12 0 0 0 0 0 0
k = 13 0 1−2 0 10−1 0 30
tot# 1 20 130
Table 3. Summary of massless spectrum for the E7 model.
tial, but only in the combination of vector/hyper, as expected from anomaly cancellation.
c-extremization and field redefinitions
The above result is quite surprising form the point of view of [20], which we summarized
above. In fact, the hybrid superpotential (5.11) exhibits a U(1)⊕2 enhanced symmetry that
acts independently on φ1 and φ2 and it leaves the base invariant. Applying c-extremization
[18, 46] leads to c = 6 and the R-charge assignment manifest for the generic superpotential
(5.10).
The LG accident occurs fiberwise as it is always possible to perform a rotation in the
Γ1,3 plane and reduce the superpotential to the following
Wfiber = X 1φ22 + X 2φ61 , (5.13)
which correspond to a direct sum of (2,2) minimal models and a free Fermi multiplet X 3.
In the full hybrid theory, the situation is more involved because field redefinitions have a
geometric interpretation. More precisely, a hybrid field redefinitions is defined by invertible
sections F ∈ Γ(TY ⊗T ∗Y ) and G ∈ Γ(E ⊗E∗), which rotate the fields Y α and XA, respectively.
In general, a fiberwise field redefinition is not compatible with this geometric structure.
This is precisely what happens in our example. The fiberwise field redefinition
J ′3 = F[2]J1 + aJ3 = (F[2]u
6 + a(u8 + 1))(φ2)2 = 0 , (5.14)
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where F[2] ∈ H0(P1,O(2)), is not allowed geometrically since u6 does not divide u8 + 1.
Explicitly, trying to extend this globally, we construct
G =
 1 0 00 1 0
−u8+1
u6
0 1
 ∈ Γ(E ⊗ E∗) , (5.15)
which indeed yields
G
J1J2
J3
 =
J1J2
0
 . (5.16)
However, (5.15) is singular at u6 = 0 and therefore not an allowed field redefinition.
It would be an interesting exercise, but we do not attempt it here, to determine whether
there are full hybrid orbits of field redefinitions which do suffer from accidents in this model.
Certainly, hybrid models do suffer from accidents, and we present an example of this in
appendix C.
6 The minimal GLSM embedding
An interesting issue regarding the structure of the (0,2) moduli space is whether every CFT
realization is a point in the moduli space of a Calabi-Yau. It is then natural to ask: what
about our (0,2) hybrid CFTs? A particularly useful tool in exploring the relation between
geometric and non-geometric (CY-LG correspondence) realizations of a SCFT is the GLSM
[21]. In this section, we are going to derive the conditions that a (0,2) hybrid needs to satisfy
in order to arise as a phase of a GLSM. This is in general a challenging question, which is
unsolved even in the context of (0,2) LG models. A simpler goal would be to study hybrid
embeddings into linear models which exhibit a geometric phase with target space a complete
intersection Calabi-Yau (equipped with a stable holomorphic bundle). This appears to be
still quite a formidable task, as the combinatorics becomes rapidly unwieldy, and it is beyond
the scope of this work. Here, we restrict our attention to a particular subclass of Abelian
GLSMs, which admit a geometric phase described by a (possibly singular) CY hypersurface
in a toric variety equipped with a (possibly singular) holomorphic bundle. Our conventions
for (0,2) GLSMs follow [23].
As it is natural in the context of GLSMs, we restrict our attention to B being a compact
toric variety. Let
B =
C
M − Z(F )
(C∗)M−d
, (6.1)
where F is the irrelevant ideal in the homogeneous coordinate ring C[x1, . . . , xM ], and Z(F ) ⊂
C
M is the associated subvariety. The (C∗)M−d action on the (0,2) bosonic chiral superfields
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Xµ
′
, µ′ = 1, . . . ,M , whose lowest components are the homogeneous coordinates xµ
′
, is given
by
Xµ
′ →
∏
a
(λa)
ma
µ′Xµ
′
, λa ∈ (C∗)M−d . (6.2)
This allows us to construct the V -model with target space Y equipped with a bundle E → Y .
This model has gauge group U(1)pB , where pB = dimPicB. We introduce m neutral chiral
supermultiplets Σ̟ = (σ̟, λ̟,+), ̟ = 1, . . . ,m, which we couple to
fields Xµ
′
Φi XΓ F.I.
U(1)a m
a
µ′ l
a
i L
a
Γ ra
(6.3)
for a = 1, . . . , pB . When the F.I. parameters r
a lie in the Ka¨hler cone of B, which we denote
KB , the classical vacua of the theory will be Y . The R + m Fermi multiplets satisfy the
chirality condition
DXΓ =
√
2Σ̟E
Γ,̟(Xµ
′
) , (6.4)
and whose lowest components take values in the bundle E → Y determined by the SES
0 // O⊕m EΓ // ⊕R+mΓ=1 O(LaΓ) // E // 0 , (6.5)
which corresponds to (2.15) with FΓ = O(LaΓ). In order to introduce superpotential inter-
actions, we augment the above construction by the bosonic field P and Fermi field Λ, which
we take to be neutral under (6.3), and we introduce an additional U(1) factor to the gauge
group, under which the fields have charges
fields Xµ
′
Φi XΓ P Λ F.I.
U(1)pB+1 0 qi QΓ + 1 −1 −1 rpB+1 .
(6.6)
We also introduce an additional multiplet Σm+1, thus the chirality constraints on the Fermi
fields now read
DXΓ =
√
2Σ̟E
Γ,̟(Xµ
′
) +
√
2Σm+1E
Γ,m+1(Xµ
′
) , DΛ = −
√
2Σm+1P . (6.7)
Now we can introduce the superpotential couplings, which we take to be of the form∫
dθ+
(
ΛH(X,Φ) + XΓPJΓ(X,Φ)
) ∣∣
θ
+
=0
+ h.c. . (6.8)
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The model will be (0,2) supersymmetric when the couplings satisfy the relations
H = EΓ,m+1JΓ , E
Γ,̟JΓ = 0 , ∀̟ . (6.9)
Now, for ra ∈ KB and rpB < 0, p has a non-zero vev through the D-term associated to (6.6)
and the classical vacua of the theory will be parametrized by B. In particular, λm+1,+ and λ
(the lowest component in Λ) acquire a mass, and the light left-moving fermions take value in
the bundle E defined by (6.5). By (6.9), the (0,2) superpotential JΓ determines in this cone
a section J ∈ Γ(E∗), which takes the role of the (0,2) superpotential in the hybrid model.
Finally, (6.6) is broken to a finite subgroup which determines the orbifold.
In the cone ra ∈ KB and rpB > 0, we expect the space of classical vacua to be the
hypersurface H = 0 in the toric variety determined by the gauge charges (6.3) and (6.6).
When nonsingular, Λ again acquires a mass and the light left-moving fermions take values in
the bundle determined by the cohomology of the short sequence
0 // O⊕m EΓ // ⊕R+mΓ=1 O(LaΓ)
JΓ // O(−dP ) // 0 , (6.10)
restricted to H = 0, where dP = (0, . . . , 0,−L) is the gauge charge of P .13
A couple of remarks are in order. First, it is apparent that we have made quite a few
assumptions in constructing the above linear model. In particular, we have introduced only
one extra bosonic multiplet P and Fermi field Λ. We refer to this as minimal embedding. In
general, one could consider adding several Λ fields, corresponding to a complete intersection
at rpB+1 > 0, and/or multiple P fields, generalizing the bundle structure in (6.10).
Second, even in this minimal construction, the phase structure of the linear model can
be quite complicated and a classification of the various geometric descriptions in each of the
phases depends on the details of the model. It is therefore conceivable that there might be
other geometric phases, or that the resulting toric variety for rpB+1 > 0 exhibits singularities
which can be resolved [47]. In our construction, when realizable, we are guaranteed at least
one such geometric phase.
6.1 Anomalies
The action for this class of models is invariant under an additional U(1)L×U(1)R symmetry,
which acts which charges
fields Xµ Φi XΓ P Λ Σ
U(1)L 0 0 −1 1 0 −1
U(1)R 0 0 0 1 1 1
(6.11)
13For this purpose it is convenient to rescale the U(1)pB+1 charges such that these are all integers.
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Let us now derive the constraint from gauge anomalies in our linear model.14 First of all, we
have for (6.11)∑
Γ
LaΓ =
∑
µ′
maµ′ +
∑
i
lai = 0 ,
∑
Γ
(QΓ + 1) =
∑
i
qi = 1 . (6.12)
The first condition in (6.12) simply implies c1(E) = c1(TY ) = 0. We recall that this can always
be achieved, at the expense of introducing spectator fields. The second equation instead can
be rephrased as R+m− r = 2. The quadratic conditions from (6.3) and (6.6) instead read∑
µ′
maµ′m
b
µ′ +
∑
i
lai l
b
i =
∑
Γ
LaΓL
b
Γ , ∀a, b
−
∑
i
qili +
∑
Γ
(QΓ + 1)L
a
Γ = 0 , ∀a
−
∑
i
q2i +
∑
Γ
(QΓ + 1)
2 = 0 . (6.13)
While the first equation of (6.13) implies the anomaly condition (3.1), the converse does
not hold (e.g., for d = 1), and this can be seen as an additional geometric condition on the
structure of the fibration. The second and third equations above are automatically satisfied
because of the anomaly conditions and (6.12).
6.2 Examples
Let us first consider an example which does not admit a geometric description. Consider the
(2,2) model
Y = tot
(O(−2)⊕O⊕4 → P1) ,
q : 12
1
4 (6.14)
and of course E = TY . This model does in fact embed in a GLSM, which was studied in [48].
There it has been shown that for this model h1,1 = 1, confirmed by the spectrum computation
of [24], and that the other phase is described by a LGO. Now, it is immediate to realize that∑
i qi = 3/2 > 1, thus (6.12) is violated. This simple fact is in fact enough to show that we
cannot blow up the fiber LG to reach some sort of large radius phase.
Let us consider also the examples we have encountered in this work. Applying the above
14Our convention is to assign a minus sign to right-moving and a plus sign to left-moving fermions.
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procedure to the model studied in section 5.1 we obtain the following charges
fields X1,2 Φ1,2 Φ3 Φ4 X 1,2,3 X 4 X 5 X 6 X 7 P Λ
U(1)1 1 −1 0 0 1 −1 −3 0 1 0 0
U(1)2 0 1 1 2 0 1 1 1 2 −5 −5
(6.15)
to which we add two neutral Σ fields. It is easy to check that (6.12) is satisfied, however, the
quadratic anomaly (6.13) for a = b = 1 reads 4 6= 14. Thus, U(1)1 does not get enhanced to
a gauge symmetry, and we cannot construct our GLSM embedding.
Finally, for the example we studied in section 5.2, c1(TY ) 6= 0, thus we need to introduce
spectator fields S ∈ Γ(O(2)), Ξ ∈ Γ(O(−2)), such that we obtain the charges
fields X1,2 Φ1 Φ2 S X 1 X 2,3 Ξ P Λ
U(1)1 1 0 −4 2 2 0 −2 0 0
U(1)2 0 1 3 3 1 1 4 −7 −7
(6.16)
Again, however, the quadratic anomaly (6.13) for a = b = 1 is violated.
We conclude this section by presenting a (0,2) model which does admit a GLSM embed-
ding. Let us consider the model
Y = tot
(O(−2)⊕O(−1)⊕O → P2) ,
q : 13
1
3
1
3 (6.17)
and
E = π∗O(2) ⊕ π∗O(1)⊕ π∗O(−1)⊕3 .
Q : −1 − 1 − 23 (6.18)
A choice of non singular superpotential is given by
J1 = S[4]φ
3
1 , J2 = T[2]φ
3
2 , J3 = S[5]φ
2
1 + S[3]φ
2
2 + S[1]φ
2
3 ,
J4 = T[5]φ
2
1 + T[3]φ
2
2 + T[1]φ
2
3 , J5 = V[1]φ
2
3 . (6.19)
where T[d], S[d], V[d] ∈ H0(P2,O(d)) do not have any common factors. Now, following the
procedure above, this model is realized as a phase in the U(1)2 GLSM with the following
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charges
fields X1,2,3 Φ1 Φ2 Φ3 P X 1 X 2 X 3,4,5 Λ F.I.
U(1)1 1 −2 −1 0 0 2 1 −1 0 r1
U(1)2 0 1 1 1 −3 0 0 1 −3 r2
(6.20)
equipped with one multiplet Σ which couples to
E1 = x , E2 = x
2 , E3,4,5 = φ1x+ φ2 . (6.21)
where we schematically indicated x ≡ x1,2,3. The geometric phase arises in the cone r1, r2 > 0,
where the irrelevant ideal is (x1x2x3)(φ1φ2φ3), and it follows that the map (6.21) fails to be
injective at φ1 = φ2 = x = x
2 = 0. Thus, the linear model is generically singular in this
phase.
The secondary fan of this model is divided into five phases and all except the one that
gives rise to the hybrid model above exhibit some sort of singularity (singular CY phases or
bad hybrids), confirming the expectation that a generic phase in a (0,2) GLSM is singular
or does not have a useful presentation. Nevertheless, our hybrid theory is well-defined, and
it allows to study the properties of the model which would be unattainable by other known
techniques or constructions.
7 Outlook
In this work, we have constructed a class of models with (0,2) supersymmetry suitable for
compactifications of the heterotic string, and described techniques to compute the massless
spectrum in the limit where the Ka¨hler class of the base is taken deep inside its Ka¨hler cone.
We have described some properties of these models, and most importantly we have provided
evidence that supports the fact that there exist flows to the expected non-trivial fixed points
in the IR. However, much work lies ahead of us! In this final section, we wish to outline what
hybrid models can teach us about the structure of the moduli space of (0,2) SCFTs.
Let us start with the tamest class of (0,2) hybrids, namely models which admit a (2,2)
locus. Here there are two kinds of deformations one might consider. First, we can have E = TY
and a (0,2) superpotential J ∈ Γ(E∗) which is not integrable to a (2,2) superpotential W .
Second, there are bundle deformations, that is, E is a deformation of TY . While the former
set of deformations is quite well understood, the latter corresponds, in GLSM terminology, to
E-deformations, which are far more mysterious [49, 50]. In particular, it would be extremely
important to determine whether, among these, non-linear deformations are exactly marginal,
redundant, or lifted by worldsheet instantons.
Next, one could consider, when possible, decreasing the rank of the map E defining
the bundle E , thereby increasing its rank. It is natural to conjecture that this procedure
corresponds to deforming to a Higgs branch of the theory [51].
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Finally, in the realm of (0,2) theories without a (2,2) locus, the most pressing question is
how worldsheet instantons modify the classical picture as we move away from the hybrid limit.
In theories with a (2,2) locus, such corrections, although there are indications that they do
occur [7, 52], are particularly elusive [5]. We expect this behavior to be significantly different
in more general (0,2) theories [23]. As we have seen in this work, the space of instantons in
hybrid models is relatively simple since these are maps to the base B, and one can construct
nontrivial models with a simple base, as a laboratory for exploring instanton corrections to
the spacetime superpotential.
It would be also interesting to investigate further the connection between hybrids and
GLSMs. It seems possible that a deeper understanding of the combinatorics we started in
this work might lead to a new class of models along the lines of [13].
Finally, the example we studied in section 5.2 might prompt a revival of the quest of
classifying (0,2) LG theories. The results of [20] show that if our interest is to classify IR
fixed points of (0,2) LG theories, classifying non-singular superpotentials does not suffice due
to the presence of accidents. However, we have seen that even accidental LG theories can be
employed to construct accident-free hybrid models. If we conjecture that any (0,2) LG can be
consistently hybridized, it would be also meaningful to have a classification of non-singular
(0,2) LG superpotentials.
We plan to address some of these questions in future work.
A Equivalence of left-moving bundles
In this appendix we are going to prove the isomorphism between the two definitions (2.15)
and (2.19) of the bundle E defined in the main text. There are obvious maps between the
same position entries in the SES (2.15) and the pullback of (2.18), which we can represent as
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follows
0

0

⊕R+m
Γ˜=P+1
π∗(FΓ˜)

K

0 // (OY )⊕m E //
a

⊕P
Γ̂=1
π∗(F
Γ̂
)
⊕
⊕R+m
Γ˜=P+1
π∗(FΓ˜)
F //
b

E //
c

0
0 // (π∗OB)⊕m EB // ⊕PΓ̂=1π
∗(FΓ̂)
FB //

π∗(EB) //

0
0 C

0
(A.1)
In particular, the map a is an isomorphism, while b is the projection onto the ⊕P
Γ̂=1
π∗(F
Γ̂
)
summand. Also, we have included in (A.1) the obvious facts that ker b = ⊕R+m
Γ˜=P+1
π∗(FΓ˜) and
that coker b = 0. The map c is defined by the relation c ◦ F = FB ◦ b, and we have indicated
ker c = K and coker c = C. We can apply the snake lemma to (A.1) which determines
K = ker b = ⊕R+m
Γ˜=P+1
π∗(FΓ˜) , C = coker b = 0 . (A.2)
Thus, the last column reproduces precisely the SES (2.19), concluding our proof.
One example: two different presentations
Let us consider Y = tot
(O(−n)→ P1) and ⊕2
Γ̂=1
FΓ̂ = O(p) ⊕ O(q), FΓ˜=3 = O(−n). In
our notation u = v−1 are the local coordinates on the two patches U1,2 of B = P
1, while
φu,v = φ|u,v, are the restrictions to the above patches of a section of the one-dimensional
fiber, which satisfy φu = v
nφv. The SES (2.15) is defined by the map
E|U1 =
(
up 1 cφu
)⊤
, E|U2 =
(
1 vq cφv
)⊤
, (A.3)
for some positive integers p, q and c ∈ C. Note that for p = q = 1 and c = −n we just recover
the tangent sheaf TY . Requiring the sequence to be exact determines the map F in (2.15) to
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be of the form
F |U1 =
(
1 −up 0
0 −cφu 1
)
, F |U2 =
(
vq −1 0
−cφv 0 1
)
. (A.4)
A section χ of E is thus determined by
χ|U1 =
(
ru − tuup
su − cφutu
)
, χ|U2 =
(
tv − rvvq
sv − cφvrv
)
, (A.5)
where ru,v, tu,v and su,v are restrictions to the two patches of sections of O(p), O(q) and
O(−n) respectively. In each patch (A.4) satisfies F · E = 0, and it is easy to show that at
c = 0 the map F |c=0 : O(p)⊕O(q)⊕O(−n) −→ O(p+ q)⊕O(−n) is surjective. Turning on
c does not affect surjectivity and it parametrizes a family of rank-two bundles described by
0 // π∗O(−n) // E // π∗O(p+ q) // 0 . (A.6)
On the overlap U1 ∩ U2 (A.5) determines the transition functions
Guv =
(
−v−q−p −cvn−qφv
0 vn
)
, Gvu =
(
−u−q−p −cun−pφu
0 un
)
(A.7)
for the bundle E . This is indeed what we expect. For fixed p, q, at c = 0 we have the trivial
extension E|c=0 = O(p + q)⊕O(−n) while for any non-zero value of c we obtain a family of
irreducible rank-two bundles parametrized by c. If we set the parameters to their (2,2) values
we recover the tangent sheaf TY .
B Massless spectrum computations
In this appendix we collect the details of the massless spectrum computations for the examples
in section 5.
B.1 A so(10) example
(0,2) sheaf cohomology for E ′
We now apply the techniques developed in section 4 to compute the relevant graded co-
homology groups. It suffices for our purpose to restrict our attention to the non trivial
part of the bundle, which is defined by (5.4). This data yields ∆′7 = {(2, 0), (0, 2)} and
δ7 = {(0, 0),±(2,−2)}. Note that this is an example where ∆′ 6= ∆, as the element (1, 1) ∈ ∆7
but not in ∆′7 as we have set to zero the coefficient of the corresponding monomial φ1φ2 in
E7. Thus
Π =
{
(2r1, 2r2) ∈ Z⊕2|r1 = −r2
}
, (B.1)
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and the coarse grading is determined by an integer r1 + r2 = L as well as whether r1 (or
equivalently r2) vanishes mod 2, that is
REL = {(r1, r2)|r1 + r2 = L, r1 ∈ 2Z} , ROL = {(r1, r2)|r1 + r2 = L, r1 ∈ 2Z+ 1} , (B.2)
which yields
R
E,O
L +∆
′
7 = R
E,O
L+2 . (B.3)
Thus, for a fixed grading RE,OL we have
0 // π∗O(1)(RE,OL+2)+
// (E ′)
R
E,O
L
// (π∗O(2))(RE,OL )+
// 0 . (B.4)
The grading bundle is again L(r1,r2) = O(1)r1 ⊗O(1)r2 = O(r1 + r2), and from the induced
LESes (we have two of these, one for REL and one for R
O
L )

0 // H0
(RE,OL+2)+
(B,O(L+ 3)) // H0
R
E,O
L
(Y , E ′) // H0
(RE,OL )+
(B,O(L+ 2))
BC
GF
H1
(RE,OL+2)+
(B,O(L+ 3)) // H1
R
E,O
L
(Y , E ′) // H1
(RE,OL )+
(B,O(L+ 2)) // 0 ,
(B.5)
we have for L ≥ 0 that
H0
REL
(Y , E ′) = CL+4+(2L+7)⌈L+12 ⌉ , H0
ROL
(Y , E ′) = CL+4+(2L+7)⌊L+12 ⌋ , (B.6)
while if L = −2,−1 we obtain
H0
REL
(Y , E ′) = C(L+4)⌈L+32 ⌉ , H0
ROL
(Y , E ′) = C(L+4)⌊L+32 ⌋ . (B.7)
Finally, H1
R
E,O
L
(Y , E ′) = 0 ∀L and the cohomology is trivial everywhere if L < 2.
Massless spectrum
Let us now turn to the analysis of the massless spectrum, applying the methods we developed
in section 4. As can be seen from the quantum numbers for each twisted sector listed in table
4, the vacuum state energy of the (R,R) sectors is always zero, thus in this case it is enough
to reduce to zero modes. Since we are primarily interested in highlighting novel features of
(0,2) models, we restrict our exposition to the three (NS,R) sectors k = 1, 3, 5. Here, l|k〉 ∈ Z
determines according to (4.9) and (4.10) the line bundle for the vacuum as |k〉 ∈ Γ(O(l|k〉)).
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k l|k〉 E|k〉 q|k〉 q|k〉 ν1,2,3 ν4 ν˜3,4,5 ν˜6
0 0 0 −2 −32 0 0 0 0
1 0 −1 0 −32 110 210 − 410 − 310
2 3 0 0 −32 210 410 − 810 − 610
3 −1 −35 −25 − 910 310 610 − 210 − 910
4 3 0 −1 −12 410 810 − 610 − 210
5 −1 −12 −1 −12 510 0 0 − 510
field φ1,2,3 φ4 ρ1,2,3 ρ4 χ
3,4,5 χ6 χ3,4,5 χ6
q 15
2
5 −15 −25 −45 −35 45 35
q 15
2
5 −15 −25 15 25 −15 −25
Table 4. Quantum numbers for the SO(10) hybrid.
k = 1 sector
In this sector the vacuum state transforms trivially and the geometry is governed by the full
E → Y . In particular, the vacuum |1〉 has weight h = −1 and charges (q|1〉, q|1〉) = (0,−3/2),
thus it is associated to the 280 of so(8).
At h = −12 and q = −1 we find one chiral 8v−1, while at q = 1 we have
Ep,q1 :
H1(Y , E) H1(Y ,OY )
H0(Y , E) H0(Y ,OY ) //
OO
−32 −12 p
u
(B.8)
It is clear from (B.6) and (B.7) that E ′ cannot contribute to the first row. In fact, the only
contribution is of the form (S[−2]φa+S[−3]φ3)χ5η|1〉 at (q, q) = (1,−12 ), which accounts for 4
states. The contribution to H0(Y , E) at the relevant grade is 9 dimensional from the pullback
factor of the bundle, while E ′ contributes for L = 0,−1, which yields 21 states, and twice for
L = −2, since this section must be tensored with either (φ3)2 or φ4, accounting for additional
4 states. Thus, the first stage of the spectral sequence reads
Ep,q1 :
C
4 0
C
34 QJ // C126 //
OO
−32 −12 p
u
(B.9)
It is straightforward to show that dimkerQJ = 0 and we count 92+4=96 chiral 8
s
1.
Now onto the internal energy zero states (h = 0). At q = −2 we have H1(Y ,∧2E∗) = C2
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which yield two chiral 1−2. At q = 2 instead
Ep,q1 :
H1(Y ,∧2E)22 d1 // H1(Y , E)14 H1(Y ,OY )0
H0(Y ,∧2E)205 d1 // H0(Y , E)1198 d1 // H0(Y ,OY )1001 //
OO
−32 −12 12 p
u
(B.10)
where the subscripts indicate the dimension of the corresponding group. It might be worth-
while checking explicitly the map in the first row. Omitting the η dependence, the complex
at u = 1 is
S[−3]φaφ3χ4χ5|1〉4 ⊕ S[−2]φaφ3χ5χ3|1〉2
d11 // S[−2]φaG[5]χ5|1〉6
⊕
S[−4]G[2]χ4χ5|1〉6 ⊕ S[−3]G[2]χ5χ3|1〉4
d21 // S[−3]G[7]χ5|1〉8
⊕
S[−2]φaφbχ4χ5|1〉3
⊕
S[−2]G[3]χ5χ6|1〉2 ⊕ S[−2]φ3χ2χ5|1〉1
d31 // 0
(B.11)
where S[−d] ∈ H1(P1,O(−d)) and G[d] is a homogeneous polynomial of degree d in φ3 and
φ4 with degree 1 and 2 respectively. Moreover, the only contribution from sections involv-
ing E ′ happens at L = −2, which only have a χ6 component. We verify explicitly that
dimker d11 = dimker d
2
1 = 2, and dimker d
3
1 = 6 . Although technically slightly more involved,
the cohomology of the bottom row can be similarly computed and the result is
Ep,q2 :
C
10
d2
((◗◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
C
2 0
0 C54 C62 //
OO
−32 −12 12 p
u
(B.12)
We need to compute a higher order map. Given a section SAB , antisymmetric in its indices,
representing an element in the kernel of (B.11), we have
d2S
ABχAχB = d1(T
AχA − TBχB) = TAJA − TBJB , (B.13)
where the coefficients satisfy
∂¯TA = SABJB , ∂¯T
B = SABJA . (B.14)
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As an example, we have for the states − 1
(1+uu)2
φaφbχ4χ5|1〉
T 4 =
1− u
1 + uu
φaφbφ
4
3 , T
5 =
u2 − 2u
1 + uu
φaφbφ
4
3 , (B.15)
which yield
d2
(
S[−2]φaφbχ4χ5|1〉
)
= (2− u2)φaφbφ83|1〉 . (B.16)
Each of these three states is not in the image of d1 since 2 − u2 is not divisible by neither
1 + u nor 2 + u3. Similarly, it can be verified explicitly that dimker d2 = 0, so that
Ep,q3 :
0 C2 0
0 C54 C52 //
OO
−32 −12 12 p
u
(B.17)
We count 54 chiral 12, and the same number of anti-chirals multiplets, in agreement with
CPT invariance.
Finally, we focus on the q = 0 states. Here we have
Ep,q1 :
H1(Y , E ⊗ E∗)26
⊕
H1(Y , TY )0
⊕
H1(B,T ∗B)1
QJ // H1(Y , E∗)3
H0(Y , E ⊗ E∗)78
⊕
H0(Y , TY )27
QJ // H0(Y , E∗)473
//
OO
−32 −12 p
u
(B.18)
In agreement with the general features of our models, for a generic superpotential the map
in the bottom row has a one dimensional kernel, which corresponds to the gaugino for the
global U(1)L symmetry. In the first row, one can show that dimcoker QJ = 1 for (5.5), and
that the map becomes surjective for a more generic superpotential.
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k = 3 sector
The moding in table 5 shows that φ4 is a heavy field in this sector, and the geometry is
governed by
Y 3 = tot
(
⊕3i=1Xi π3−→ P1
)
. (B.19)
For the left-moving fermions, it follows from (5.3) that we need to analyze both monomials
φ21,2 in E
7, which we can consider at once as φ1,2 have the same weight. In this case
ν˜6 − 2νi = − 9
10
− 6
10
= −3
2
, (B.20)
does not satisfy (4.32), thus the bundle splits, and in particular
E|k=3 = E|B = ⊕7Γ˜=3π∗3FΓ˜ ⊕ π∗3EB . (B.21)
The cohomology groups
H0(Y 3, π
∗
3(F6 ⊗ L∗|3〉)) = C , H1
(
Y 3, π
∗
3(F∗3 ∧ E∗B ⊗ L∗|3〉)
)
= C ,
H1
(
(Y 3, π
∗
3(F4 ∧ F5 ∧ F3 ⊗ L∗|3〉)
)
= C2 (B.22)
correspond to a chiral 8v−1, an anti-chiral 1−2 and two chiral 12. At q = 0 we have instead
the spectral sequence
Ep,q1 :
H1(Y 3, π
∗
3(F5 ⊗X4 ⊗ L∗|3〉))1
QJ // H1(Y 3, π
∗
3(F5 ⊗F∗6 ⊗ L∗|3〉))4
H0(Y 3, π
∗
3(F3,4 ⊗X4 ⊗ L∗|3〉))3
QJ //
H0(Y 3, π
∗
3(F3,4 ⊗F∗6 ⊗ L∗|3〉))7
⊕
H0(Y 3, π
∗
3(EB ⊗F∗6 ⊗ L∗|3〉))5
⊕
H0(Y 3, π
∗
3L
∗
|3〉)22 //
OO
−32 −12 p
u
(B.23)
It is straightforward to verify that for a generic superpotential both maps have zero dimen-
sional kernels, thus we count 31 chiral and 3 anti-chiral singlets.
k = 5 sector
Finally, we are left with the last sector to analyze. Here all the coordinates have νi ≤ 1/2,
therefore the geometry is characterized by the full Y . For the left-moving bundle we have
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that again
ν˜6 − 2ν1 = −1
2
− 1 = −3
2
, (B.24)
thus the bundle again splits E|k=5 = E|B . The only effect of QJ in this sector is QJχ3 = φ24.
Hence, we can simply ignore the zero-mode χ3 and we restrict our attention to φ
n
4 for n = 0, 1.
With this in mind, the cohomology groups
H0(Y , π∗L|5〉) = H
1(Y ,∧2E ⊗ π∗L|5〉) = C2 , (h = −1/2, q = ±1) ,
H0(Y , E∗ ⊗ π∗L|5〉) = H0(Y ,∧3E ⊗ π∗L|5〉) = C , (h = 0, q = ±2) , (B.25)
yield two chiral 8v−1 and a chiral 1−2 together with their CPT conjugate states. Finally at
h = q = 0 we obtain
H•(Y , E ⊗ π∗L|5〉)⊕H•(Y , E ⊗ T ∗Y ⊗ π∗L|5〉)⊕H•(Y ,∧2E ⊗ E∗ ⊗ π∗L|5〉) = C16 , (B.26)
for • = 0, 1, thus leading to 16 chiral and anti-chiral singlets.
B.2 An E7 model
We begin by listing the quantum numbers for each twisted sector introduced by the orbifold
by Z14 in table 5. We then turn to the massless spectrum analysis in each sector k = 0, . . . , 7.
We point out that since the bundle E is a sum of line bundles which pull back from the base
the fine grading r is suitable for the relevant sheaf cohomology computations.
k l|k〉 E|k〉 q|k〉 q|k〉 ν1 ν2 ν˜I
0 0 0 −1 −1 0 0 0
1 0 −1 0 −1 114 314 − 614
2 0 0 1 −1 214 614 −1214
3 2 −67 −47 −47 314 914 − 414
4 2 −17 37 −47 414 1214 −1014
5 0 −1114 −57 −57 514 114 − 214
6 0 −17 27 −57 614 414 − 814
7 2 −12 −97 −27 714 714 0
field φ1 φ2 ρ1 ρ2 χ
I χI
q 17
3
7 −17 −37 −67 67
q 17
3
7 −17 −37 17 −17
Table 5. Quantum numbers for the E7 model.
Even k sectors
In the untwisted k = 0 sector always E|0〉 = 0, thus we just restrict to zero modes. The GSO
projection restricts us to double complexes defined by the charges of the states F[7m]|0〉 for
m = 0, 1, 2. For m = 0 the only possibility is the vacuum15 |0〉−1,−1 while at m = 2 we find its
15We will often indicate the charges q(O) and q(O) of a state O as subscripts Oq,q.
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CPT conjugate state at (q, q) = (1, 1), both being associated to a 32 ∈ so(12). At m = 1 the
only non trivial row of the spectral sequence after taking horizontal Dolbeault cohomology is
at q = 0 and U = 0 where we have
H0(Y , E)5 QJ // H0(Y ,OY )15 ,
q = −1 q = 0
(B.27)
where the subscript indicates the dimensions of the groups corresponding to the relevant
grades. It is easy to verify that dimkerQJ = 0 from the potential (5.11) as u
6 does not
divide u8+1. The contribution is then 10 12 -hypers in the (32
′,1,1)∈ so(12)⊕u(1)L⊕u(1)R.
In the twisted k = 2 sector the vacuum has again zero energy and there are no zero
modes, hence the only contribution is from the vacuum |2〉1,−1, which together with the CPT
conjugate state to be found in k = 12, teams up with the states describe above to complete
the representation (32,2,2).
At k = 4 we cannot simply restrict to zero modes since E|4〉 < 0, and since there are no
additional fiber zero modes we have simply Y 4 = B. Keeping into consideration that the
vacuum transforms non-trivially we find that the only well-defined zero-energy states are of
the form
H1(B,X∗2 ⊗ L∗|4〉) = C5 . (B.28)
These are found at (q, q) = (0, 0), that is, they yield 12 -hypers in the (32
′,1,1).
The last sector to analyze is k = 6, and it is easy to see that it is not possible to engineer
any zero-energy states with the twisted moding.
Odd k sectors
The untwisted k = 1 sector is as usual the richest. The vacuum has E|1〉 = −1 and charges
(q, q) = (0,−1) and is part of a doublet under su(2)R associated to the 66 of so(12), while
internal states at E = −12 are paired up with the 12 of so(12) and complete the 10 12 -hyper
from the k = 0 sector.
We now turn to energy-zero internal states at q = 0, where the first stage of the spectral
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sequence reads
Ep,u1 :
H1 (Y , B0,0,1)3
⊕
H1 (Y , B1,1,0)2
⊕
H1 (B,T ∗B)1
QJ // H1 (Y , B0,1,0)1
H0 (Y , B0,0,1)5
⊕
H0 (Y , B1,1,0)11
QJ // H0 (Y , B0,1,0)40
//
OO
−1 0 p
u
(B.29)
In computing the dimensions of these cohomology groups we used the fact that TY = O⊕TY ′
where Y ′ = tot
(O(−4)→ P1), and
H0r≥0(Y
′, TY ′) = C
8r+4 , H1r=−1(Y
′, TY ′) = C
3 , (B.30)
and zero otherwise, where r is the fine grading on Y ′ which simply keeps track of the power
of φ2. In the bottom row we find that again for a generic superpotential dimkerQJ = 1,
corresponding to the unbroken left-moving U(1)L, while for a more specific superpotential this
number can be higher. For example, for the superpotential (5.11) we have dimkerQJ = 2.
Moreover, the first row map is surjective, thus we count 30 neutral 12 -hypers and one q = −1
component of the su(2)R-doublet for a vector multiplet.
In the k = 3 sector, ν2 >
1
2 and the geometry is Y 3 = tot(X1
π3−→ P1). The contribution
at h = q = 0 is computed by
Ep,u1 :
H1(Y 3, E ⊗X∗2 ⊗ L|3〉)13
QJ // H1(Y 3, π
∗
3L|3〉)1
0 H0(Y 3, π
∗
3X2 ⊗ π∗3L|3〉)3 //
OO
−1 0 p
u
(B.31)
It is easy to see that the map in the first row is surjective, so we find 12+3 = 15 gauge-neutral
1
2 -hypers.
In the k = 5 sector there are no heavy fields, and only the u = 0 row produces a non-trivial
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contribution
H0(Y , E ⊗ TY ⊗ π∗L∗|5〉)5
QJ // H0(Y , TY ⊗ π∗L∗|5〉)9
⊕
H0(Y , π∗L∗|5〉)5
(B.32)
For a generic superpotential this map is injective, and we are left with 9 neutral 12 -hypers.
Finally, for k = 7 at h = q = 0, QJ is trivial and the relevant states are counted by
H0(Y , E ⊗ π∗L∗|7〉) = H1(Y ,∧2E ⊗ TY ⊗ π∗L∗|7〉) = C11 , (B.33)
which shows that this sector is its own CPT conjugate and it contributes 22 neutral 12 -hypers.
C An accidental hybrid
In this appendix we show that accidents do arise in non-trivial hybrid theories. Let us consider
the hybrid model defined by the data
Y = tot
(O ⊕O(−2)→ P1) , E = π∗O(2) ⊕ π∗O(−2)⊕ π∗O⊕2 . (C.1)
q : 17
3
7 Q : −1 − 67 − 67
In particular, the fiber LG theory coincides with the one in the example in section 5.2, but
the fibration structure is different. This data gives c = 7, c = 6 and r = 3. However, the
following non-singular superpotential
J1 = S[12]φ
7
1 , J2 = S[14]φ
6
1 , J3 = J4 = φ
2
2 , (C.2)
is equivalent, by a field redefinition between X3 and X4, to J3 = φ22 and J4 = 0. That is, the
theory is a sum of a free Weyl fermion and an interacting theory, where anomaly cancellation
determines
Y = tot
(O ⊕O(−2)→ P1) , E = π∗O(2) ⊕ π∗O(−2)⊕ π∗O . (C.3)
q : 321
7
21 Q : −1 − 1421 − 1821
By tuning S[12] appropriately in (C.2), this theory is identified as a (0,2) deformation of the
(2,2) theory with target space Y and superpotential
W(2,2) = S[14]φ
7
1 + φ
3
2 . (C.4)
This theory identifies a IR fixed point with central charges c = c = 3(2+ 121). Thus, the orbit
of field redefinitions corresponding to the superpotential (C.2) is accidental and it does not
contribute to the conformal manifold of the theory we are interested in.
– 56 –
Finally, one might ask whether there exists at all a sensible theory defined by the UV
data above. We can easily construct a more general superpotential that will achieve this.
Consider
J1 = S[12]φ
7
1 , J2 = S[14]φ
6
1 , J3 = φ
2
2 , J4 = S[6]φ2φ
3
1 + S[12]φ
6
1 , (C.5)
where all the sections S[d] do not have common roots. This choice of superpotential defines
a non-singular model and a moment of thought shows that no field redefinitions are possible
which are associated to enhanced symmetries. Hence, (C.5) defines a RG flow to a theory
with the expected c = 7, c = 6.
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